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ITERATION COMPLEXITY OF AN INNER ACCELERATED
INEXACT PROXIMAL AUGMENTED LAGRANGIAN METHOD
BASED ON THE CLASSICAL LAGRANGIAN FUNCTION"
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Abstract. This paper establishes the iteration complexity of an inner accelerated inexact prox-
imal augmented Lagrangian (IAIPAL) method for solving linearly constrained smooth nonconvex
composite optimization problems that is based on the classical augmented Lagrangian (AL) func-
tion. More specifically, each TATPAL iteration consists of inexactly solving a proximal AL subprob-
lem by an accelerated composite gradient (ACG) method followed by a classical Lagrange multiplier
update. Under the assumption that the domain of the composite function is bounded and the prob-
lem has a Slater point, it is shown that IAIPAL generates an approximate stationary solution in
(9(5_5/2 log? e~ 1) ACG iterations where € > 0 is a tolerance for both stationarity and feasibility.
Moreover, the above bound is derived without assuming that the initial point is feasible. Finally,
numerical results are presented to demonstrate the strong practical performance of TATPAL.
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1. Introduction. This paper presents an inner accelerated inexact proximal
augmented Lagrangian (IAIPAL) method for solving the linearly constrained smooth
nonconvex composite optimization (NCO) problem

(1.1) ¢ == min{¢(z) := f(z) + h(z) : Az = b},

where A : R" — R! is a linear operator, b € R/, h: R" — (—o00,00) is a closed proper
convex function which is Mp-Lipschitz continuous on its domain, and f is a real-
valued differentiable nonconvex function such that, for some scalars Ly > my > 0, f
is my-weakly convex on the domain, dom h, of h (i.e., satisfies (2.2) below) and its
gradient is L ¢-Lipschitz. For a given tolerance pair (p,17) € 8?3_+, its goal is to find a
triple (2, p, ) satisfying

(1.2) e Vf(2)+0nz)+Ap, |0l <p, [[AZ—-bl| <7
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More specifically, IATPAL is based on the augmented Lagrangian (AL) function
L.(z;p) defined as

(1.3) Lo(5p) 1= f(2) + h(z) + (p, Az = b) + Z[| A= = b,

which has been thoroughly studied in the literature (see, e.g., [3, 5, 22, 28, 39]).
Roughly speaking, for a fixed stepsize A > 0, a scalar & > 0, and initial points
zp € dom h and pg = 0, IAIPAL repeatedly performs the following iteration: given
(2h—1,pr—1) € dom h x R, it computes (zx,pr) as

. 1
(1.4) 2 ~ argmin, {)\Ec(z,pk_l) + §Hz - Zk—lz} 7
c¢(Az —b), k=1mod [ac],
1.5 = pr—1+
(15) Pl = Pr1 {0 otherwise,

where 2z in (1.4) is a suitable approximate solution of the underlying prox-AL sub-
problem (1.4). TATPAL sets A = 1/(2my) which, due to the fact that f is m-weakly
convex, guarantees that the objective function of (1.4) is strongly convex. Moreover,
it computes zj by approximately solving subproblem (1.4) by a strongly convex ver-
sion of FISTA, which is a well-known accelerated composite gradient (ACG) variant
for solving convex composite optimization problems (see, e.g., [4, 31, 34]). The latter
point is then used to construct a triple (2, pr,ws) and TATPAL stops if it satisfies
(1.2). Otherwise, an auxiliary novel test is performed to decide whether (i) ¢ should
be left unchanged or (ii) ¢ is updated as ¢ « 7¢ with 7 > 1 and (zg, pr) changed
either to (2o, po) (cold restart) or to (zx,po) (warm restart). Finally, & is updated to
k + 1 and the iteration described above is repeated.

Related works. We mainly focus our attention on works dealing with iteration
complexities of penalty-based and/or AL-based methods. Furthermore, all of the AL
methods below use the multiplier update

(1.6) pr = (1 —0)(pr—1 + xrck(Az — D))

for 0 € [0,1) and x% € [0,1] at every k > 1. For consistency, the complexities in this
review refer to the effort of obtaining an approximate stationary point as in (1.2).
Note that even though these complexities are described as bounds on the number of
(possibly ACG) iterations, they are also bounds on the total number of h-resolvent
computations and/or gradient evaluations of f.

Tteration complexities of quadratic penalty methods for solving (1.1) under the
assumption that f is convex and h is an indicator function of a convex set were first
analyzed in [21] and further studied in [2, 32]. Iteration complexities of first-order AL
methods for solving the aforementioned class of convex problem have been studied in
[3, 22, 23, 28, 29, 36, 41]. Proximal quadratic penalty methods were first studied in
[17] and further developed in [18, 20, 26].

Classical proximal AL (PAL) methods for solving (1.1) under the assumption that
f is convex, § = 0, and xx = 1 for every k were first studied in [37]. Recently, papers
[9, 30] studied PAL methods under the assumption that f is (possibly) nonconvex,
6 € (0,1], and xj = 1 for every k. However, as § approaches zero, the prox stepsize
A of these methods converges to zero, which causes the following issues: (i) their
derived complexity bounds diverge to infinity (see the second column in Table 1.2
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below), which invalidates their analyses for the case of §# = 0, and (ii) deteriorating
computational performance.

Papers [24, 40] study nonproximal AL methods under the assumption that f
is nonconvex, 6§ = 0, and x, = O(cgl) for every k. It is worth mentioning that
both [24, 40] make a strong assumption about the generated iterates (see condition
F in Table 1.1), which have only been shown to hold when h is the indicator of a
polyhedron or a ball. Moreover, [40] considers the more general version of (1.1) where
the constraints are (possibly) nonconvex.

We now describe other papers that are tangentially related to ours. Papers [42, 43]
present a primal-dual first-order algorithm under the assumption that A is the indi-
cator function of a box (in [43]) or a polyhedron (in [42]). Paper [15] considers a
penalty-ADMM method that solves an equivalent reformulation of (1.1). Paper [25]
presents an inexact proximal point method applied to the function defined as ¢(z) if
z is feasible and 400 otherwise. It can be viewed as an extension to the nonconvex
setting of the proximal point method (PPM) applied to (1.1) (see, e.g., [37] for the
analysis of inexact versions of PPMs for solving (1.1) in the convex setting). Paper
[6] considers a primal-dual proximal point scheme for computing an approximate sta-
tionary solution to a constrained NCO problem and analyzes its iteration complexity
under different assumptions.

Before closing this review, we present the assumptions of some of the above meth-
ods in Table 1.1 and give a summary of these methods in Table 1.2, which compares
the best iteration complexities, necessary conditions, and various parameter ranges.

Contributions. Under the assumption that the domain of h is bounded and has
nonempty interior, and (1.1) has a point Z € int(dom h) such that Az = b, it is
shown that if « = ©(1), then the total ACG iteration complexity of TATPAL, up to
logarithmic terms, is

(1.7) 0 <p51/2 + \/%p2>

which is equal, up to logarithmic terms, to the ones obtained for the methods in [24,
26, 30] (see Table 1.2). On the other hand, if & = 1/¢, i.e., a full multiplier update
is performed at every step of IAIPAL in view of (1.5), then it is shown that the
above complexity becomes O(p~3 + p~2n~1/2). Since each ACG iteration of IATPAL
requires O(1) resolvent evaluations of h and/or gradient evaluations of f, the above
complexities also bound the number of h-resolvent computations (i.e., evaluations of
(I +n0h)~! for n > 0) and gradient evaluations of f performed by TAIPAL. It is also

TABLE 1.1
Abbreviations for common boundedness and regularity conditions. See Lemma A.2 for the
result that N is equivalent to requiring that, for every © € dom h, there ewists v > 0 such that
Oh(z) C Nyom n(z) + Br where By = {z : ||z|| < r}.

B Either (i) the quantity sup,cqom n [¢(2)| is finite, (ii) dom h is bounded, and/or (iii) the
feasible set is bounded.

A If the constraints have an affine component of the form Az = b then A has full row
rank.

F There exists some v > 0 such that v|| Az — b|| < dist(0, A*(Az, —b) + c,;lah(:rk)) for

generated iterates {xy}r>1 and {cp}r>1-

N The function h restricted to its domain is r-Lipschitz continuous.

SP There exists Z € int(dom h) such that Az = b.
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TABLE 1.2
Comparison of relevant penalty and AL-based methods with TAIPAL. For simplicity, we let
e = min{p, N} and let O(-) be the same as O(-) with all logarithmic dependencies on € removed.

Name Best complexity Ak 0 Xk Conditions
QP-AIPP [17] O(e™3) e(m; ") - - None
R-QP-AIPP [18] O(e™3) (0, 00) - - B
iPPP [26] O(e=5/2) o(m; ) - - B,N,SP
iALM (2019) [40] O(e3) - 0 O M) B,F
IALM (2020) [24] O(e=5/2) - 0 O h) B,F
PProx-PDA! [9] OO~ 2e%) oL ") (0,1) 1 B, A
0-TPAAL? [30] O(9—15/4¢=5/2) e(m; ") (0,1) 1 N,SP
IAIPAL O(e=5/2) e(m;") 0 {0,1}3 B,N,SP

worth mentioning that all of the above results hold without assuming that the initial
point zg € dom h is feasible, i.e., zy also satisfies Azg = b.

We now emphasize four important theoretical aspects of this paper. First, it
establishes (for the first time) the iteration complexity of a PAL method (specifically
TATPAL with a = 1/¢) for solving (1.1), which makes a full multiplier update (i.e.,
(0, xk) = (0,1) for every k) after solving each prox subproblem, does not assume
boundedness of the multiplier sequence {pi}, and contains a novel rule for updating
the penalty parameter. Second, the proof that the sequence of Lagrange multipliers
is bounded does not use potential function arguments (e.g., as in [9, 14, 30]), restrict
the size of xx in (1.6) (e.g., as in [24, 40]), and/or limit the number of multiplier
updates (e.g., as in [24, 40]). Third, in contrast to the PAL methods of [9, 30], whose
iteration complexities and stepsizes tend to co and 0, respectively, as 6 tends to 0
(see the second column in Table 1.2), the complexity and stepsize of IAIPAL do not
depend on 6. Fourth, in contrast to the nonproximal AL methods of [24, 40], which
make strong assumptions on the generated iterates (see condition F in Table 1.1),
the convergence of TATPAL only assumes a mild Slater-like condition and Lipschitz
continuity of h on its domain.

It is also worth mentioning that the numerical experiments of section 4, and
the conclusions thereof, show that TATPAL with o = ©(1) and o = ©(1/c) sub-
stantially outperforms other algorithms in the literature for solving (1.1) (or spe-
cial cases of it) with equal (e.g., [17, 18, 26, 30]) or better (e.g., [42, 43]) iteration
complexities.

Organization of the paper. Subsection 1.1 provides some basic definitions and
notation. Section 2 contains three subsections. The first one presents our main
problem of interest and the assumptions made on it. The second one states S-TAIPAL
and its main iteration-complexity result. Subsection 2.3 states IAIPAL and establishes
its iteration-complexity bound. Section 3 is devoted to the proof of the iteration-
complexity result of S-TATPAL and some related technical results. Section 4 presents
some numerical experiments comparing IAIPAL with other benchmarks algorithms
for solving (1.1). Section 5 contains some concluding remarks. Finally, an appendix is
divided into three subsections. Subsection A.1 reviews an ACG method used to solve
the S-TATPAL subproblems. The second subsection contains a basic result of convex

1This method generates prox subproblems of the form argminge x {\h(x) + c||Az — b||?/2 + ||z —
z0||?/2} and the analysis of [9] makes the strong assumption that they can be solved exactly for any
xg, ¢, and .

2Tt is also shown that conditions A" and SP can be removed to yield a complexity of @(0’7/25*3).

3Specifically, x, = 1 if k = 1 mod ko and xj = 0 otherwise.
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analysis, and the last subsection presents a basic lemma associated with a refinement
procedure considered in S-TAIPAL.

1.1. Notation and basic definitions. This subsection presents notation and
basic definitions used in this paper.

Let N denote the set of positive integers. Let Ry and R, denote the set of non-
negative and positive real numbers, respectively, and let R™ denote the n-dimensional
Hilbert space with inner product and associated norm denoted by (-,-) and || - ||, re-
spectively. We use R to denote the set of all [ x n matrices and S, to denote the
set of positive semidefinite matrices in 3"*™. The smallest positive singular value of
a nonzero linear operator Q : R" — R! is denoted by 05. For a given closed convex
set X C R™, its boundary is denoted by 0X and the distance of a point z € R"
to X is denoted by distx(z). For any t > 0, we let log] (t) := max{logt,1} and
B(0,t) :={z e R" : ||z|| < t}.

The domain of a function h : R" — (—o00,00] is the set dom h := {z € R" :
h(z) < 4+o0c}. Moreover, h is said to be proper if dom h # (). The set of all lower
semicontinuous proper convex functions defined in R” is denoted by Conv (R™). The
e-subdifferential of a proper function h : R — (—o0, 00] is defined by

(1.8) Oh(z) :={ueR" : h(z) > h(z)+ (u,2 —z) —e V' eR"}

for every z € R™. The classical subdifferential, denoted by Oh(:), corresponds to
Ooh(-). Recall that, for a given £ > 0, the e-normal cone of a closed convex set C' at
z € C, denoted by N&(2), is defined as N&(2) :={{ e R" : ({,u— 2) <eVu e C}. If ¢
is a real-valued function which is differentiable at Z € 1™, then its affine approximation
ly(-,Z) at Z is given by

(1.9) ly(z;2) == 9(2) + (VY(2), 2 — Z) VzeR"

2. The TATPAL method. This section is divided into three subsections. The
first one discusses the problem of interest and describes the main assumptions made
on it. Subsection 2.2 presents S-TAIPAL and its main iteration-complexity result.
Subsection 2.3 presents IAIPAL and its overall ACG iteration-complexity result.

2.1. Problem of interest, assumptions, and IAIPAL outline. This sub-
section describes the problem of interest, the assumptions made on it, and the type
of approximate stationary solution we are interested in computing for it.

The main problem of interest in this paper is (1.1), where f,h: R" — (—00, c0),
AR - R and b € R satisfy the following assumptions:

(B1) A is a nonzero linear operator;

(B2) h € Conv (") is Lp-Lipschitz continuous on H := dom h;

(B3) the diameter D := sup{||z — 2’| : 2,2’ € H} of H is finite and there exists
V > 0 such that |V f(2)|| < Vy for every z € H;

(B4) there exists Z € int(H) such that Az = b;

(B5) f is nonconvex and differentiable on R"™, and there exist Ly > my > 0 such
that, V z, 2’ € R"™,

(2.1) IVF(Z') = V() < Lyllz" = =],

(2:2) &) = 45(32) 2 =L — 2|
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Some comments about assumptions (B1)—(B5) are in order. First, it is shown in
Lemma A.2 that d.h(z) C B(0,Ly) + N5,(z) for every z € H. This inclusion will
be used to bound the sequence of Lagrangian multipliers generated by the IATPAL
method. Second, it is well known that (2.1) implies that |f(2") — €¢(2';2)| < Ly||2' —
z||?/2 for every z, 2’ € R", and hence that (2.2) holds with ms = L. However, better
iteration-complexity bounds can be derived when a scalar my < Ly satisfying (2.2)
is available. Third, (2.2) implies that the function f(-) +mg|| - ||*/2 is convex on R".
Moreover, since f is nonconvex on R" in view of (B5), the smallest m; satisfying
(2.2) is positive. Fourth, any function f of the form h = h + dz where h is a finite
everywhere Lipschitz continuous convex function and Z is a compact convex set clearly
satisfies condition (B2). Finally, the existence of a scalar V; as in (B3) is actually
not an extra assumption since, using (2.1) and the boundedness of H in (B3), it can
be easily seen that for any y € H, the scalar Vi =V, := ||V f(y)| + LD majorizes
IVf(2)| for any z € H.

It is well known that, under some mild conditions, if Z is a local minimum of
(1.1), then there exists p € R! such that (2,p) is a stationary solution of (1.1), i.e.,

(2.3) 0eVf(z)+0h(z)+A'p, Az—b=0.

The main complexity results of this paper are stated in terms of the following
notion of approximate stationary solution which is a natural relaxation of (2.3).

DEFINITION 2.1. Given a tolerance pair (p,7) € Ryt X Ryq, a triple (2,p,0) €
H xR R™ is said to be a (p,n)-approzvimate stationary solution of (1.1) if it satisfies
(1.2).

2.2. The S-TAIPAL method. This subsection describes S-IAIPAL, which es-
sentially corresponds to some group of all consecutive iterations of the general IAIPAL
method outlined in section 1 (see the paragraph containing (1.4)—(1.5)) for which the
penalty parameter ¢ stays constant.

Recall from the outline given in the introduction that S-TATPAL generates a se-
quence {(zx, px)} according to (1.4) and (1.5) where A = 1/(2my). The formal descrip-
tion of S-TAIPAL below requires that, for a prespecified scalar & > 0, the approximate
solution zj of subproblem (1.4), together with some residual pair (vg,ex) € R xRy,
satisfies

1 -
(24) v €0, <A£C<~,pk_1> + 5l zk_1||2> (1), llowl® + 225 < el
where
(25) Tk = Z2k—1 — Rk + Vk.

We now make some remarks about the above notion of approximate solution for
(1.4). First, even though & is assumed to be positive, it is worth noting that if & were
equal to zero, then (2.4) would immediately imply that z is the exact solution of (1.4).
Hence, the aggregated error ||v||? 4 2y, of the residual pair (vk,ex) can be thought of
as an inexactness measure of the approximate solution zx, and the inequality in (2.4)
is a relative error condition on it. Second, as will be seen in Proposition 2.2 below, a
triple (zx, vk, k) satisfying (2.4) can be found by suitably applying the ACG method
described in subsection A.1 to subproblem (1.4).
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We now formally describe S-TIATPAL.

S-TATIPAL.

(1) Let scalars v > 0 and o € (0,1/+/2], initial point 2y € H, tolerance pair
(p,7) € Ryy x Ry, penalty parameter ¢ > 0, and « > 0 be given; set k =1,
po = 0, and

2(1 4 2v)° 1 . v

C = T3 5 A= a9 c = AT )

(2.6) CA om0 M\ r 1

Lo =Ly +c| A%

(2) use the ACG method described in subsection A.1 with inputs

(2.7) To=2p1, &=00, (LM)=(1/2,ALc+1),

. 1
(2:8) (), ™) = (A[ccc,pkl) =R+ Sl =zl Ah)
to obtain a triple (zx, vk, ex) satisfying (2.4) with & = o, and set

, k=1 mod |[ac],
(2.9) Q= pr—1 +c(Azg — D), prp= {Qk . ]
pr—1 otherwise;

(3) compute (2, pi, Wy) as

AL, +1
% = argmin,, {</\ [Vf(zk) + A%qi] — ri,u) + Ah(u) + 2+ [l — zk||2} ,

(2.10) Pr = Pr-1+ c(AZ; = b),
o1 1 A :

(2.11) wk:XquL LC+X+CA A) Bk — zi) + V(R — Vf(zr),
where 7, is as in (2.5); if ||| < p and ||AZ; — b|| < 7}, then stop with
success and output (2, p,w) = (3, P, Wk);

(4) if k> 2 and

Le(21,01) = Le(2h,p8) _ AP

2.12 Ay == <

(2.12) ¥ k-1 =20,

then stop and declare ¢ small;
(5) set k< k+1, and go to step (1).

We now make some trivial remarks about S-IAIPAL. First, it performs two types
of iterations, namely, the outer ones indexed by k and the ACG (or inner) ones
performed during its calls to ACG in step (1). Second, the scalar A defined in step
(0) ensures that the prox AL subproblem (1.4) is strongly convex. Third, the scalars
M and g in step (1) are the Lipschitz constant and the strong convexity parameter
of Vi, and 1, respectively. Fourth, the update formula (2.9) for the multiplier py, is
the classical one where a full step is performed, i.e., no shrinking factor multiplying
the term c(Az, — b) is included on it. Fifth, it follows immediately from (2.9) and
(2.10) that

(2.13) Pr —pr = cA(Zr — zx) Yk =1mod [ac].

We next make some comments about the logical structure of S-TATPAL. First, it
is shown in Proposition 3.1 that every triple (2, p,w) = (2k, Pr, Wr) computed in step
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2 satisfies the inclusion in (1.2) and hence is a (p, 7j)-approximate stationary solution
of (1.1) (see Definition 2.1) whenever S-TATPAL stops successfully (see the condition
for that to happen at the end of step 2). Second, in contrast to the kth generated
triple (2, Pk, W), which is only used in step 2 to test for possible termination, the
kth generated quadruple (zk,pg, vk, €r) found in step 1 is used not only to compute
the above triple but also to perform the next iteration. Third, Theorem 2.3(d) below
shows that if the penalty parameter c is sufficiently large at some iteration, then S-
TATPAL must successfully stop in its step 2. Finally, after the second iteration (and
including it) of S-TAIPAL, inequality (2.12) is used to detect whether the penalty
parameter ¢ is small, in which case S-TATPAL stops in its step 3 with the declaration
that ¢ is small. TAIPAL, which is discussed in the next subsection, then uses this
information to increase ¢ and restart S-IATPAL with the new value of ¢ and with
the initial point zy either set to be the same as in the previous S-TAIPAL call, i.e.,
zo is kept constant (cold S-TATPAL restart), or set to be equal to zj, where z is
the iterate computed in step 1 of S-TAIPAL just before it declares ¢ small (warm
S-TATPAL restart).

The following result describes an upper bound on the number of iterations per-
formed during each call to ACG in step 1 of S-IATPAL.

PROPOSITION 2.2. Fach call to the ACG method in step 1 of S-TAIPAL performs
at most

(B

ACG iterations, where M(c) is given by
3Ly clAl?

mg mg

(2.15) M(c) =2 [ ] max{v~ o'}

Proof. First note that the respective definitions of (A, o., L.), (7, , M), and Aj 5
n (2.6), (2.7), and Proposition A.1, together with the bounds o, < 1 and Ly/my > 1
from the definition of o, and (B5), imply that

4(1 )2 16 3L All2
Ay, =20 E ) 2<8( ' Clll)max{yz’ﬂ}’
O¢ o; mg my
T 1 L A2 1 1 /2L All2
M e AL 4 L= LetdAlP L1 2Ly AT

0
Hence, (2.14) follows from Proposition A.1, the above inequalities, the definition
of M(c) in (2.15), and the fact that log] (-) > 1.

The following quantities and constants will be used in the statement and proof of
the main result of this subsection (Theorem 2.3 below).

o? 1+v
(2.16) Cy = m, Cs = 1—o
(2.17) b= inf 9(2), DO =" — 6., di=diston(2),
(2.18) 0a:= ”ﬁ”, Op = %
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(2.19) ko :=2(Lp + V) + (Co +4C3)mys D,
1/2
(2.20) K1 = 2y/2C10.40 p ko, Ky = (W) ,
!

where ¢* is as in (1.1), C is as in (2.6), D and V are as in (B3), and Z is as in (B4).
Note that C7, Cs, and C3 are constants depending only on the input parameters v
and/or o of S-TAIPAL. Moreover, the constants kg, k1, and k2 depend not only on
the constants Cy, Cs, and Cs, but also on the constants D, ||A||, Ly, my, Vy, and the
ones defined in (2.17) and (2.18), which are all associated with the instance of (1.1)
under consideration. Constants x; and k9 are in turn used to describe a threshold
value € (see (2.24) below) such that if ¢ > &, then S-TATPAL is guaranteed to terminate
with a (4, n)-approximate stationary solution of (1.1) (see statement (d) below).

Next we state the main result about S-TAIPAL, whose proof is given at the end
of section 3.

THEOREM 2.3. Assume that ¢ > my¢/||A||* and that conditions (B1)—~(B5) hold.
Then, the following statements about S-IAIPAL hold:

(a) every iterate (Zx, pr,Wr) with k > 1 satisfies Wy € Vf(2x) + Oh(2x) + A*Pr;

(b) the number of outer iterations is bounded by

A2

12Cymy (A¢* + 2myD?) + nf/ﬂ
p 9,

(2.21) To(p) == {1 +

where C1, A¢*, Op, k1, D, and my are as in step 0 of S-TAIPAL, (2.17),
(2.18), (2.20), (B3), and (B5), respectively; hence, the total number of ACG
iterations is bounded by

(2.22) TAC’G c, p ’7 ( /2nll/f /CHA ) +M —‘ ( )

where Ly and M(c) are as in ) and (2.15), respectively.
Moreover, if the penalty pammeter c satzsﬁes

2 2
KMy dm Ky
c> —=— clea] > =
A A[> PIIAIP

(2.23)

then the following statements also hold:

(c) every iterate (i, pr,Wr) with k > 1 satisfies ||AZ — bl < 7;
(d) S-TAIPAL stops successfully in step 2 with a (p,7)-approximate stationary
solution (Z,p,w) of (1.1).

We now make some remarks about Theorem 2.3 under the condition that the
penalty parameter ¢ satisfies ¢, < ¢ = O(é,), where

(2.24) Ca = Eq(p,n) := min {c : c satisfies (2.23)}.

First, it follows from parts (b) and (d) that S-TATPAL obtains a (p, j)-approximate
stationary solution of (1.1) in O(Tacc(Ca, p)) ACG iterations, where Taca(c, p) is as
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in (2.22). Second, under the reasonable assumption that the right-hand side of the
second bound in (2.23) is (1), it is easy to show that

b = © [ VT o d BBV R
229 “(p’”)@<||A| { Al }) fo=om,

2 2

i a my Ky KY

2.26 Ca(p,n) = O | — = max<{ —=, —
(2.26) (6,1) (|A2 {n P2

b) ita=eu/o.

This remark together with the fact that Ty(p) = O(p~2) then implies that the
ACG iteration complexity of S-IAIPAL, up to a logarithmic term, is O(p—%/2 +
p~2771/2) when a = ©(1) and O(p~2 + p~27~/?) when a = ©(1/c). Third, the
number of iterations where S-TAIPAL performs a full multiplier update (i.e., px = qx)
is O(p~%[ac]™Y). In particular, if @ = ©(1) and p = 1), then the number of full multi-
plier updates is O(p~1) when ¢ = ©(&,) and is O(p~2) when ¢ = O(1). Fourth, since
the threshold ¢, in (2.24) is not computable in practice, it is not clear how one can
choose a penalty parameter ¢ such that é, < ¢ = O(é,).

The next subsection presents TATPAL, which repeatedly invokes S-TAIPAL with
increasing penalty parameter values until a (p,7))—approximate solution of (1.1) is
obtained. Moreover, it is shown that, up to a logarithmic term, the overall number of
ACG iterations performed by this scheme is the same as the one of S-TATPAL under
the condition ¢, < ¢ = O(é,)-

2.3. The IATPAL method. This subsection describes the TATPAL method and
establishes its ACG iteration complexity.

The statement of TAIPAL below makes use of S-TAIPAL presented in subsection
2.2. More specifically, it consists of repeatedly invoking S-IAIPAL with ¢ = ¢, :=
c17~1 where ¢; is an initial choice for the penalty parameter, 7 > 1, and ¢ is the
S-TATPAL call count.

IATPAL.

(1) Let a quadruple of scalars (v,0,7) € R4 x (0,1/v/2] x (1,400) and a pair
of tolerances (p,7) € R4+ X R4 4 be given; choose ¢; > 0 and set £ + 1;

(2) choose an initial point ZOE € H and some oy € Ry call S-IAIPAL with
inputs zg = z((f), v, o, p, 1, c=cy, and o = ay;

(3) if S-TATPAL successfully stops with a triple (2, p, ), then output this triple
and stop; otherwise, set cpy1 ¢ 7¢p, set £ «+ £+ 1, and return to step (1).

We now make some remarks about TATPAL. First, the initial point z((f) chosen

in step 1 can be either the same point (cold start) across all S-TATPAL calls or a
varying point. In the latter case, a simple approach (warm start) is to choose z(()e) as
the last iterate computed in the most recent call to S-IAIPAL. Second, every outer
iteration within the ¢th S-IAIPAL call uses the penalty parameter ¢, = ¢;7¢~'. Third,
if /th S-TATPAL call does not successfully stop in step 2 or, equivalently, declares ¢y
small in step 3 of S-TAIPAL, then the next penalty parameter c¢;1 is increased by a
multiplicative factor 7 > 1. Finally, oy can be chosen as a constant in every execution
of step 1, or it can change. For example, choosing oy = 1/¢; guarantees that a
Lagrange multiplier update is performed at every outer iteration of an S-TAIPAL call.

The following result establishes the overall ACG iteration complexity for TATPAL
to obtain a (p, 7j)-approximate stationary solution of (1.1).
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THEOREM 2.4. Assume that conditions (B1)—~(B5) of section 2.1 hold and define
the scalar

(2.27) &(ps 1) = sup €a, (P, M),
>1
where éq,(+,-) is as in (2.24). Then, IAIPAL obtains a (p,1n)-approzimate stationary
solution (2, p,w) of problem (1.1) in
JOTA . c(p, 1)
(2.28) o (TACG(C(IO7 7) + c1, p) - logT {@})

ACG iterations, where c1 is the initial penalty parameter in IAIPAL, k1 and ko
are as in (2.20), and Tacc(-,-) is as in (2.22).

Proof. First note that the fth loop of IATPAL invokes S-IAIPAL with penalty
parameter ¢, = 7¢"1¢; for every £ > 1. It is easy to see that if IATPAL stops in its
first call to S-TAIPAL, then the statement of the theorem follows trivially in view of
the stopping criterion in step 2 of TATPAL and Theorem 2.3(b). Suppose then that
TATPAL calls S-TATPAL more than once and let ¢ = &(p, 7}). Defining the integer

(2.29) {:=min{l:c, > ¢},

it follows from Theorem 2.3(d) that a (p,7)-approximate solution of (1.1) is obtained
in at most £ > 2 calls to S-TATPAL. In view of the minimality in (2.29) and the penalty
update rule in step 2 of IAIPAL, we have ¢; < 7¢ and, hence,

T2¢ ¢

(2.30) ¢ =log, (%) = log, ™ <log, — =2+log, —.
C1 C1 C1

Combining (2.30), the fact that Tacc(é,p) > Taca(éa,, p) for £ > 1, and Theo-
rem 2.3(b), we conclude that the number of ACG iterations of IAIPAL is on the same
order of magnitude as in (2.28). d

We now make some remarks about Theorem 2.4. First, it is easy to see that
for fixed (p,7), it holds that sup,sq ¢a(p,7) is finite and, hence, é in (2.27) is also
finite. Second, its iteration complexity does not depend on how zj is selected in step
0. As a consequence, it applies to both the cold start and the warm start approaches
mentioned above. Third, it follows from Theorem 2.4 that the total number of ACG
iterations of IAIPAL is, up to a logarithmic term, the same as that of S-TATPAL with
penalty parameter ¢ such that é(p, 1) < ¢ = O(é(p,1n)).

The next result describes (2.28) only in terms of (p,7) for two choices of ay.

)

COROLLARY 2.5. Assume that conditions (B1)—( of subsection 2.1 hold and
that max{cy,c; '} = O(é(p, 7)), where é(-,-) is as in (2.27). Then, IAIPAL obtains
a (p,N)-approxzimate stationary solution of problem (1.1) in a number of ACG itera-
tions/resolvent evaluations bounded, up to a logarithmic term, by

(2.31) O(p2 + p7 277 Y2) if ap = O(1),
(2.32) OGP +p2 V) ifay=0(1/c).

Consequently, if IAIPAL performs a multiplier update at every outer iteration
of S-IAIPAL, i.e., choose ay = 1/cy in step 1 of IAIPAL, then its ACG iteration
complezity is as in (2.32).

Proof. This follows immediately from Theorem 2.4, the definition of Tsc¢ in
(2.22), and (2.25) — (2.26). |
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3. Proof of Theorem 2.3. The goal of this section is to provide the proof of
Theorem 2.3 which describes the main properties of S-TATPAL.

We start by motivating the results developed in this section. A major part of our
effort lies in showing that the residual and the feasibility gap sequences {||wg||} and
{||AZx — b||} generated by S-TAIPAL with penalty parameter ¢ satisfy

1 1 1
. 1 0l = P - 5, — — _ > 2.
(3.1) rzrgl? ||| = O (\/E + \FC> , A% =0 =0 (c> vk > 2

Observe that (3.1) implies that there exists a range of sufficiently large values of ¢
satisfying ¢=! = O(min{p/a,7}) and such that S-TATPAL finds a (p, 7))-approximate
stationary solution of (1.1) in O(p~2) S-IAIPAL iterations. Using this observation
together with Proposition 2.2, it is now easy to see that there exists a significantly
large range of ¢’s for which the total number of ACG iterations performed by S-
IAPIAL is O(p~5/2 + p=27~Y/?), up to a multiplicative logarithmic term. Lemma
3.3(b) below establishes a key inequality toward proving the first relation in (3.1), and
the paragraph following this lemma outlines how this inequality is used to establish
(3.1).

The first technical result below describes some important properties about the
sequence {(Zx, Pr, Wr)} computed in step 2 of S-TATPAL as well as other related se-
quences which are also used in the analysis of S-TATPAL.

PROPOSITION 3.1. The following statements hold:

(a) the triple (Zg,pr,Wx) generated in step 2 of S-IAIPAL and the residual ry
defined in (2.5) satisfy

(3.2) Wy, € Vf(2k) + Oh(Z) + APy,

1%
3.3 Mgl < (1+2 2k — <
(33) il < (L4200 el o = =) < gy el

where v and L. are as in (2.6);
(b) the quadruple (zk, pr, Wk, €r), where wy, is defined as

(3.4) wg = % [(ALe + 1) (2 — 21) + 74]

and (2, qr,€x) is computed in step 1 of S-IAIPAL, satisfies

(3.5) wg € Vf(zk) + 8(,\715k)h(zk) + A*qk7
2 2
(36) Ml < (140 . ep < ZIE

where o, is as in (2.6).

Proof. First note that the last inequality in (3.6) follows immediately from the

inequality in (2.4) with & = o, in view of step 1. Note also that the quantities (g, h),
(z,€), and L defined as

- 1 -
(3.7) G :=ANL(ypr—1) — h] — (v,  — 2z1) + 5\\ c—zh_1|]?, b= Ah,

(3.8) (z,€) == (zr,€x), L:=ALc+1,
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satisfy the assumptions of Lemma A.3, in view of (B2), (B5), (1.3), (1.8), (1.9),
(2.1), and the inclusion in (2.4). Observe also that (2.5), (2.9), and (3.7) imply
that Z and @ in (A.5) are equal to Z; and (AL, + 1)(zr — Zx), respectively, and
Vi(zr) = AV f(2r) + A*qx] — ri. Hence, it follows from the conclusion of Lemma A.3
that

(39) ()\LC + 1)(Zk — ék) + 1 € )\[Vf(zk) + A*qk] + 8()\h)(2k),
(3.10) ()\Lc + 1)(Zk — ék) + 7 € )\[Vf(zk) + A*qk} + 0., ()\h)(zk),

(3.11) (ALc + 1) (21 — 2]l < V20N + D

Hence, inclusion (3.2) follows from (2.11), (2.13), (3.9), and a well-known prop-
erty of the e-subdifferential of a function which follows directly from its definition
(1.8). Moreover, inclusion (3.5) follows immediately from (3.4) and (3.10). The first
inequality in (3.6) follows from (3.4), the Cauchy—Schwarz inequality, (3.11), the last
inequality in (3.6), and the definition of o in (2.6). Now, (2.1), (2.11), (3.4), (3.11),
the definition of L. in (2.6), and the Cauchy-Schwarz inequality imply that

Mgl < [INwgll + MLy + cll A2 = zell < IIMwkl| +AV/2(ALe + 1ey.

The first inequality in (3.3) then follows from the above inequalities together
with (3.6) and the definition of o, in (2.6). Finally, the second inequality in (3.3)
follows immediately from (3.11), the last inequality in (3.6), and the definition of o, in
(2.6). 0

We now make two remarks about Proposition 3.1. First, the residual wy, in (3.4)
does not appear in the description of S-IAIPAL (and hence IAIPAL), but it plays an
important role in its analysis. More specifically, the residual pair (wg,er) and the
corresponding bounds developed for it in (3.6) play a crucial role in proving that the
sequence {py } of Lagrange multipliers is bounded. Second, the right-hand sides of the
inequalities in (3.3) and (3.6) are all expressed in terms of ||rg|| since a substantial
part of our analysis will concentrate on deriving suitable bounds for it, and hence for
the quantities which are bounded in (3.3) and (3.6).

The following technical result derives an estimate on {||r¢||} in terms of the varia-
tion of the AL function along the sequence {(zx, px)} and the variation of the sequence
of Lagrangian multipliers {py}.

LemMmA 3.2. Let {(zk, Pk, vk, €k)} be generated by S-TAIPAL, let {ry} be as in
(2.5), and define {Apy} as
(312) Apk =Pk — Pk—1 Yk 2 1.

Then, the following inequality holds for every k > 1:

2A 1
B13) Il < oy (Leoroninn) ~ Lolonm) + LIAnI?) .

c

Proof. In view of the update rule for p given in step 1 of S-TAIPAL and the
definitions of £, and Apy given in (1.3) and (3.12), respectively, we have

1
(314) ‘Cc(zkvpk) - ‘Cc(zlwpkfl) = <ApkaAzk - b> = EHApk”Q?

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/25/23 to 128.61.247.56 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

194 W. KONG, J. G. MELO, AND R. D. C. MONTEIRO

where the last identity follows from the fact that Apy = 0 when k # 1 mod [ac] and
Az, — b= ctApy when k = 1 mod [ac]. Now, it follows from (1.8), (2.4), and (2.5)
that

1
ALo(2, Pr—1) — ALe(2h—1, PE—1) < _§||Zk — 251 |12+ (Vg 2 — 25—1) + €

1 Vk 2 1—0‘2
= —gllvn + 261 =zl + % +ek < ==l

which implies that

1—o02
2\

[7ell® < Lelzr—1,pr—1) — Le(2hy Pr_1)-

The inequality in (3.13) then follows by combining the latter inequality with
(3.14). 0

Recall that Proposition 3.1(a) implies that the triple (£, p,w) = (2, Pk, Wi) sat-
isfies the inclusion in (1.2). The following technical result gives a preliminary bound
on ||wg|| and establishes the key inequality mentioned in the second paragraph of this
section.

LEMMA 3.3. Consider the sequences {(zk, Pk, Vi, k) } and {(Zk, Pr, W)} generated
by S-TAIPAL and let Cy, Ak, and Apg be as in (2.6), (2.12), and (3.12), respectively.
Then, the following statements hold:

(a) for every k > 1, we have

~ 112 Cl 1 2
(3.15) [|x]]® < ~ Le(zh-1,Pr-1) — Lc(2k,Pr) + E”APkH ;
(b) for every k > 2, we have

C
. in |l < =X
(3.16) leilgkllwzll <

k
1 [ Aps]|?
A .
B k-1 Zz:; c
Proof. (a) It follows from Proposition 3.1(a) that the triple (2, pg, W) com-

puted in step 2 of S-TAIPAL satisfies, in particular, the first inequality in (3.3). This
conclusion together with inequality (3.13) then implies that

(1+20)° [rall* _ 2(1+20)°
A2 — AM1-02)

. 1
Jael” < Clmmien) — L) + HAm ).
and hence that (3.15) holds, in view of the definition of C; and the fact 0. < o; see
(2.6).
(b) Summing inequality (3.15) from k = 2 to k = k, and using the definition of
Ay given in (2.12), we obtain
k

. R Gy

lal|* <D il < =

=2

(k- 1)

min
2<i<k

k
Api|?
(k_l)Aﬁz”f”]. ;
=2

We now outline how (3.16), together with some technical results below, can be
used to establish the first bound in (3.1). Bound (3.16) on min;<y [|u@;||? is the sum of
several terms, one of which depends on Ajg. Now, Lemmas 3.5 and 3.6 show that Ay
is O([1 + |lpx|/?]k~"). Moreover, with the help of Lemmas 3.7-3.11, Proposition 3.12
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establishes that ||pg|| is bounded by a constant independent of ¢. Note that (3.16),
the above two observations, and the update rule (1.5) then imply that min,; <y |||
behaves as O(k~! + a~1c=2) and, hence, that the first relation in (3.1) holds.

The next result, whose proof can be found in [30, Lemma A.3], will be used in
the proof of Lemma 3.5.

LEMMA 3.4. Let proper function ¢ : R" — (=00, 0], scalar ¢ € (0,1), and
(20,21) € R" x dom ¢ be given, and assume that there exists (v1,e1) such that

-1 ~
(3.17) V1 € O, (¢ + 5|| . —2;0”2) (21), ||1]1H2 + 2e1 < O-QH'U + 20 — 2;1”2.
Then, for every z € R™ and s > 0, we have

B + 3 [1-620 + 570 lor + 20— 2l < 3(z) + 21

Iz = zo]l*.

The following technical result shows that £.(z1,p1) can be majorized by a scalar
which does not depend on ¢. This fact, which is not immediately apparent from the
definition of L.(-,-), plays an important role in showing that S-TAIPAL or TATPAL
can start from an arbitrary (and hence infeasible) point in H.

LEMMA 3.5. The first quadruple (z1,p1,v1,€1) generated by S-TAIPAL satisfies
(3.18) Le(z1,p1) <3 (A¢" +2myD?) + ¢,

where ¢, and A¢* are as in (2.17).
Proof. The fact that (z1,v1,e1) satisfies (2.4) with k¥ =1 and & = 0., Lemma 3.4
with s =1 and ¢ = AL.(+,po), and condition (B3) implies that for every z € H,

1—202

ALc(21,p0) + Ir1l* < ALe(z, o) + Iz = 20ll* < MLe(z,p0) + D?,

where 71 is as in (2.5). Using the definitions of ¢* and A given in (1.1) and (2.6),
respectively, the fact that 1 — 202 > 1 — 202 > 0 due to the definitions of ¢ and o,
in step 0 of S-TAIPAL, and the fact that the definition of £, in (1.3) implies that
L.(z,p0) = (f + h)(2) for every z € F := {2z € H : Az = b}, we then conclude from
the above inequality, as z varies in F, that

Le(z1,p0) < ¢* +2my D

The above inequality together with the fact that po = 0, (2.9) with & = 1,
and the definitions of £. and ¢, given in (1.3) and (2.17), respectively, then implies
that

Ec(zlvpl) = ﬁc(zlvpo) + C”Azl - b”2 = 3£C(Zlap0) - 2(f + h)(zl)
< 3(¢* +2myD?) — 2¢.,

which proves (3.18) in view of the definition of A¢*. |
The following technical result shows that Ay = O([1 + ¢ ||px|?]&~1).

LEMMA 3.6. Let {(zx,pr)} be generated by S-IAIPAL and consider {Ar} as in
(2.12). Then, the following statements hold:
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(a) for every k > 1, we have

2
(3.19) Le(zr,pr) + HPQLC” > bx;s
where ¢ is as in (2.17);
(b) for every k > 2, we have
(3.20) Ap< 3(A¢* +2m 1)2)+M
' Fe ko ! 2 |’

where A¢* is as in (2.17).

Proof. (a) Using the definitions of £. and ¢, given in (1.3) and (2.17), respectively,
we have

Lelzpe) = (4 ) (zx) + (e Az = ) + 5 | Az — b
2

Ll e 1 2
> * a Az — b —
> ¢ +2Hﬁ+ﬁ( 2= 0)|| = oIl

and hence that (3.19) holds.
(b) This statement follows from (3.18), (3.19), and the definition of Ay in
(2.12). O

The next technical results (i.e., Lemmas 3.7-3.11) develop the necessary tools for
showing in Proposition 3.12 that the sequence {p;} is bounded. The first one gives
some straightforward bounds among the different quantities involved in the analysis
of S-TATPAL.

LeMMA 3.7. Let {(zk,pr, vk, ck)} be generated by S-TAIPAL and let {ry} be as
n (2.5). Then, the following inequalities hold for every k > 1:

CoD?
2 )
where D is as in (B3) and o is as in step 0 of S-IAIPAL, and C3 is as in (2.16).
Proof. First note that, in view of step 1 of S-TATPAL, the tuples (\, zx—1,pg—1)
and (z, vk, €x) satisfy (2.4). Hence, using the inequality in (2.4), the definition of

given in (2.5), the triangle inequality, the first condition in (B3), and the fact that
o. < o, we have

D
(3.21) lrell < 37— logl* < C2D?, ek <

o?||r]|®

(322) il = D < el ~ 1o — 2ol < Joell S ollrell, e < T2
The first inequality in (3.21) immediately follows from the first setting of inequal-
ities in (3.22). The last two inequalities in (3.21) follow from the first inequality in
(3.21), the last two inequalities in (3.22), and the definition of Cs in (2.16). O

The following basic result is used in Lemma 3.9. Its proof can be found, for
instance, in [8, Lemma A.4]. Recall that o} denotes the smallest positive singular
value of a nonzero linear operator A.

LEMMA 3.8. Let A : R — R be a nonzero linear operator. Then, o |lul| <
|A*u|| for every u € A(R™).

The next result defines a slack {x € O(x-1.,)h(2x) which realizes the inclusion in
(3.5) and gives a preliminary bound on ||pg|| in terms of ||&]].
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LEMMA 3.9. Consider the sequence {(z,qx, vk, €r)} generated by S-TAIPAL and
the sequence {wy} as in (3.4), and define

(3.23) i = wr — Vf(2r) — Aqp
for every k > 1. Then, the following statements hold:
(a) for every k > 1, we have

CsD
(3.24) & € Opn-reph(an), el < =57
where D is as in (B3) and Cjs is as in (2.16);
(b) for every k > 1, we have
CsD

(3.25) oallael < ll&kll + Vg +

where Vy is as in (B3).

Proof. (a) The inclusion in (3.24) follows from (3.5) and the definition of & in
(3.23). The inequality in (3.24) follows from the first inequalities in (3.6) and (3.21),
and the definitions of . and C3 in (2.6) and (2.16), respectively.

(b) Using (B4), the fact that pg = 0 together with the update formula for g, and

Dk, it is easy to see that {gr} C A(R™). Using Lemma 3.8, relation (3.23), the triangle
inequality, (B3), and the inequality in (3.24), we conclude that

)\ )

* CsD
(3.26) oillaell < 1A%l < llgkll + IV £zl + llwell < Il + Vi + i’\

and, hence, that (3.25) holds. 0

The next technical result essentially allows us to obtain a preliminary bound on
I€k|| under assumption (B4). It is worth mentioning that its proof is based on a key
inequality that appears in the proof of Lemma 3 of [26].

LEMMA 3.10. Let h be a function as in (B2). Then, for every z,z' € H, € > 0,
and & € 0:h(z), we have

[€lldistor (2') < (distop (2') + [|z = 2[|) Ln + (€, 2 = 2') +¢,
where OH denotes the boundary of H.

Proof. Let € > 0, z,2' € H, and £ € 9.h(z) be given. It follows from the Lipschitz
continuity of k in (B2) combined with the equivalence between (a) and (d) of Lemma
A.2 that there exist & € B(0, L) and & € N§,(z) such that & = & + &. Clearly, it
follows from the definitions of B(0, L) and Nj,(z) in subsection 1.1 that

|| < Ln, HCH_ :={ueR": (&,u—2z)—e <0}

Using the last inclusion and the fact that 2’ € H, we easily see that

distor (2)[|62]| < distorr_ ()[|€2ll = (€2,2 — 2) +e.
The last inequality, the fact that & = & + &, the triangle inequality, and the
Cauchy—Schwarz inequality then imply that
diston (2)[1€]] < distor (2)[|€1]| + distow (2)[[&2]] < diston (2) &1l + (€2, 2 — 2') + €
= distoy (2)[|61]| = (61,2 = 2') + (&, 2 —2") +¢
< (diston (2') + [z = 2'[) &2l + (€, 2 — 2') + ¢,
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which combined with the fact that ||£1]| < Ly, shows that the conclusion of the lemma
holds. d

The next lemma presents some important technical inequalities using the bounds
in Lemmas 3.10 and 3.9(b).

LEMMA 3.11. The iterates {(pk,qk, 2x)} generated by S-IAIPAL satisfy

(a) do}|lqkll < Dro — {qi, Az — b) for every k > 1;

(b) c||Azk, — b|| < Opro(oh) ™t + |lpe—1]| for every k > 1;

(¢) ¢ pkll? + do|lpkll < ¢ Hpk, pr-1) + Drko for every k =1 mod k.,

where o is defined in subsection 1.1 and d, Op, and kg are as in (2.17), (2.18),
and (2.19), respectively.

Proof. (a) Let {{x} be as in (3.23). Using (3.21), (3.24), (B3), the Cauchy—
Schwarz and triangle inequalities, and the fact that A = 1/(2my) and ||z, — Z|| < D,
we first have that

3.23

<§k,zk — 2> + 2myey ( = ) <wk — Vf(zk) — A%qp, 2 — 2> + 2myey,
< — (A%, 2k — 2) + [z — 2| (Jwe ]l + [V f (z6)[]) + 2m e
< - <qk,AZk — b> + D (Vf + [203 + CQ] me) .

Now, recall that d = distoy(z) and note that & € Ox-1c,)h(z) for every k > 1,
in view of (2.17) and Lemma 3.9(a), respectively. Hence, using the above technical
bound, Lemma 3.9(b), Lemma 3.10 with (&, 2,2",¢) = (&, 2k, 2, A" Lex), the fact that
A=1/(2my), d < D, and ||zx — z|| < D, and the definition of ¢, we conclude that

do i llanll < d([|€ll + V¢ +2mC5D)
< (d+|lzk — Z)Ln + (ks 21 — 2) + 2mpe +d (Vi + 2msCsD)
< D(2[Ly+ Vy|+[4C3+ ColmyD) — (qi, Az — b)
= Dkg — {qr, Az, — b) .

(b) Using part (a), the definition of g, and the Cauchy—Schwarz and triangle inequal-
ities, we have that

cdo|| Az, — b|| = dofllak — pr—1|| < dof|laxll + dof|[pr—1]]
< Dkq — {qr, Az, — b) + do’ ||pi—1||

2.9 —
2 Dro — (o1, Az — b) — c|| Azi, — b2 + do Pl

< Drig — cl| Az = blI* + llpx—1]| (Il Az — bl + do%) .
Moving the —c||Az;, — b||? term to the left-hand side, dividing the resulting in-

equality by ||Az; — b|| + do, and using the definition of §p in (2.18) we conclude
that

DKZO HDFLO
cl|lAzr — b < — + LI < + 1.

(c) Let k =1 mod k.. Using part (a) and the fact that qx = pr = pr—1 + c(Azr — b),
we have that

- - 1 1
do|lpkl = dof|lax|l < Dro — {(qi, Az — b) = Drg + - (Dks Pr—1) — E||pk||2,

which implies the desired bound. 0
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We observe that Lemma 3.11(c) always holds under the weaker assumption that
z € H and AZ = b but the scalar d which appears on it becomes zero when z € 9.
The following technical result establishes the boundedness of the sequence of Lagrange
multipliers {py} if instead (B4) is assumed, and hence d > 0.

PROPOSITION 3.12. The sequence {py} generated by S-TAIPAL satisfies

Opko

(3.27) [Pkl <
0a
for every k > 0, where ko and 0p are as in (2.19) and (2.18), respectively.

Proof. The proof is done by induction on k. Since py = 0 and kg > 0, (3.27)
trivially holds for k£ = 0. Assume now that (3.27) holds with k = k—1 for some k > 1.
If kK # 1 mod [ac], then (2.9) implies py, = pr—1, and (3.27) holds by our induction
hypothesis. If £ = 1 mod [ac], then the induction hypothesis together with Lemma
3.11(c), the definition of #p in (2.18), and the Cauchy—Schwarz inequality implies
that

_ _ Dk
(”pk” —|—0’Zd) HpkH < HpkHHpk 1” +DKO < ||pk||+70 +DKO
c c d
|| + 7\ Opko
= — d
( c +o, T

coy
and hence that ||px|| < @pro/o;. We have thus proved that (3.27) holds V £ > 0. O
The following result establishes that ||| = O(vVAr+a~'/2c1) and || A2, —b]| =

O(c™1). Since Ay = O(k™1) in view of (3.20) and (3.27), it follows that ||uy| can be
made arbitrarily small as the penalty parameter ¢ increases.

LEMMA 3.13. The sequence {(Zx, Wk, 2x)} generated by S-TAIPAL satisfies the
following bounds:

(a) ||Azx — bl| < k3my/(c||Al|?) for every k > 1,

(b) mino<i<y |0 ||* < 2mCiAL + 2myrt/(c[cal||Al|?) for every k > 1,

where Cy is as in (2.6), Ay is as in (2.12), ko is as in (2.19), and k1 and kg are
as in (2.20).

Proof. (a) It follows from Lemma 3.11(b), the second inequality in (3.3), the
triangle inequality, and the definitions of (o, L.) and py given in (2.6) and (2.9),
respectively, that

Opko | [lpe=rll | ocllAflllre]
Uj{c c VAL, +1

20pro | vl Allllrell o 20pr0 | vlrell
o'j;c AL, +1 — crj{c )\CHAH’

[AZ), = bl < [[Azy, = bl + [[All[[25 — 2l <

IN

where the last inequality is due to L. > c||A]|?. It follows from the above inequalities,
(3.27), and the first inequality in (3.21) that

(3.28)
2 2 +7
C”AH ||A2A'k _ b” < 1 (2||A|| fDKO + VHAHD > =2040p (”AHKO + VUAd) ,
my my oy AM1—-o0) my l-0¢

where the last relation is due to the definitions of A\, 64, and fp given in (2.6) and
(2.18). On the other hand, using the definitions of C3 and k¢ given in (2.16) and
(2.19), respectively, and the fact that d < D and o < || A, we have
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|Allro

td
”"A < Cs|A|D < [14llxo o

Hence, the desired bound immediately follows from (3.28), the latter inequalities,
and the definition of k9 in (2.20).

(b) Define I(k) := {i : p; # pi—1,2 <i < k}. In view of the multiplier update rule
of S-TATPAL, it is straightforward to show that |I(k)| < |(k—1)/[ac]] < 2(k—1)/[ac].
Using (2.18), (3.16), (3.20), (3.27), the relation (a + b)? < 2a? + 2b* for a,b € R, and
the previous bound on |I(k)|, we have

X ) [ p1||2 ||Apz||2
i [l < A +Z = Aj+ Z
i€I( k)
2Z¢ez(k)(\|Pi||2+ Ipi-1l?) Opko 4)I(k)|
< <
skt c(k — 1) A“{oz} [e(k—n}
8 [Oprko } 2 80% 0% k2 K7
" efeal { oh T feal[AI2 T T T cleallJAIPC

where the last relation is due to the definition of k; given in (2.20). The desired
bound then follows in view of the fact that A = 1/(2my). d

Notice that, unless c is sufficiently large, the bounds derived in the above lemma
do not guarantee that either the feasibility residual ||AZ; — b|| or the stationarity
residual ||@wg|| becomes sufficiently small, regardless of how large k is. This is in
contrast to all of the penalty/AL methods in [17, 18, 20, 24, 26, 30, 40], where the
stationarity residual is always sufficiently small whenever the penalty parameter is
updated.

We are now ready to present the proof of Theorem 2.3.

Proof of Theorem 2.3. (a) This statement follows immediately from (3.2).

(b) Let Ty = To(my, p) where Ty(+, ) is as in (2.21) and assume that S-TAIPAL has
reached the Tpth iteration and has not stopped in its step 2. Using (3.20) with k = Ty,
and the definitions of A\, k1, and T} given in (2.6), (2.20), and (2.21), respectively, we
then conclude that

A, < ! 3(A¢* +2myD?) +

T Th-1
1

ST o1

I i } pr N

= 3 (A¢* +2m;D? =
Ty 1 |0 (A0 2my )+16clmf = 4Cim; 20,

2c

(040pk0o)?
2mf

IIPTOIIQ}

3(A¢* +2myD?) +

Hence, S-TAIPAL must stop in step 3 of the Tyth iteration.

(c) This statement follows immediately from Lemma 3.13(b) and condition (2.23)
on the penalty parameter c.

(d) First note that it follows from part (b) that S-TAIPAL stops in either step 2
or step 3 after a finite number of iterations. Now, in view of the stopping criterion in
step 2 and part (c), it follows that S-TAIPAL stops with success at the kth iteration
if and only if @y, satisfies ||| < p, in which case the triple (2, pr, W) is a (9, 7)-
approximate stationary solution of (1.1) due to part (a) and Definition 2.1. Now,
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assume for contradiction that S-TATPAL stops in step 3 (instead of step 2) at some
iteration k, and hence that

A2 A2

. Ap p
Ai Av Ap < o4 =
2211'1£k L k= 2C,  4AmeCh

in view of the last observation above, (2.12), and the definition of A in (2.6). These
two inequalities together with (2.23), and Lemma 3.13(c), yield the contradiction

D g2 52 52

~2 . ~ 2 fhi P P ~2

< 2 <20impAp + ——=—— < - 4+ — = p°,

7 i e < 2Cme At AR < g g =2

which must mean that S-TATPAL stops with a (p, 7))-approximate stationary solution
in step 2. 0

4. Numerical experiments. This section presents experiments* which bench-
mark different variants of IAIPAL. The first subsection benchmarks TATPAL against
three other state-of-the-art constrained composite optimization solvers, while the sec-
ond subsection compares them against the O(e~2) complexity method in [42, 43].

We start by describing the details of the IAIPAL variants IPL, IPL(A1), and
IPL(A2). All of them use the parameters

Ly } 1
cp=max<l,——=5, o=—, v=4/o(ALy+1), T=2
{ | A]2 V2 /

IPL is as described in subsection 2.3 with o = 1/||A||?, while IPL(A1) and
IPL(A2) are a modification of IPL where the ACG subroutine is replaced with an
adaptive ACG variant whose specific description can be found in [16, section 5.2].
The difference between the latter ACG variant compared to the first one is that the
latter one adapts its proximal gradient step to the local curvature of its objective
function (see the discussion in the second paragraph following ACG in section A.1).
IPL(A1) chooses o = 1/||A||? while IPL(A2) chooses a = 1/¢, i.e., a multiplier update
is performed at every outer iteration.

We now describe the other methods used in the first subsection, namely, two
variants of the QP-AIPP method of [17] (nicknamed QP and QP(A)), a variant of
the R-QP-AIPP method of [18] (nicknamed RQP), and the iALM of [24]. QP is the
method in [16, Algorithm 4.1.1] while QP(A) is a modification of QP that replaces its
ACG subroutine with the same adaptive ACG variant used by IPL(A). RQP is the
variant in [16, Algorithm 5.4.1] which adds another level of adaptability to QP(A)
in the sense that its prox parameter A is also adapted to the local curvature of the
objective function (see the discussion in [18, section 1]). Our implementation of iIALM
uses the parameters

L (log2) [le(=h)]|
(k + 1) log(k + 2)]*

Lf 0
o=2, =max<1l,——=p, wyg=1, =0,
%o { ||A|2} o=hov

for every k > 1. Moreover, the starting point given to the kth APG call (in the iALM)
is set to be x*~!, which is the prox center for the kth prox subproblem.

4See https://github.com/wwkong/nc opt/tree/master/tests/papers/IAIPAL for the full code.
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We next describe the other methods used in the second subsection, namely, the
three variants of the S-prox-ALM of [42, 43] (nicknamed SPA1-SPA3). The parameter
quadruple («a, p, ¢, 8) and initial points (yo, 20) used by all three variants are

r
4’

1
p=2(Ly +DAI]»), ¢=sr—=—=, B=051y=0 2 =,
d 2(Ls + [ A]2)

o=

where I' = 0.1, 1, and 10 for SPA1, SPA2, and SPA3, respectively. Note that the
choice of (o, p, ¢, 8) above with I' = 10 is the one that is used in the limited quadratic
programming experiments of [43, section 6.2]. Moreover, the aforementioned reference
establishes the iteration complexity of S-Prox-ALM for a range of sufficiently small
parameters 8 that does not necessarily include the assigned value above, i.e., § = 0.5.

Some additional technical details about the experiments are as follows. First,
all of the tables below report the total number of innermost iterations that each of
the methods needs to obtain a quadruple satisfying (4.1) below. This is done so
that the iteration cost reported in our experiments are comparable in the sense that
each method requires O(1) resolvent and gradient evaluations per iteration. Second,
the algorithms are implemented in MATLAB 2021a and are run on a Windows 64-
bit machine with two Intel Xeon Gold 6240 processors and 12 GB of RAM. Third,
bold text in the tables of this section indicates the method that performed the most
efficiently in a particular metric and problem instance. Finally, the log KKT gap in
the experiments below refers to the normalized quantity

7 :=log (max{ ] 142 — b }) .
" L+ IV f(z0)ll" 1+ [|Azo — b

4.1. Quadratic SDP. This subsection presents the performance of the TATPAL
method against several benchmark methods on a set of nonconvex quadratic semidef-
inite programming (QSDP) problems.

Given a pair of dimensions (¢,n) € N?, a scalar pair (wi,ws) € R3_, linear
operators Q : S} RY, B: S% — R", and C : S} — R? defined by

[Q(2)]; = (@i, 2), [B(2)]; =(B;,2), [C(2)];=(Ci2),

for matrices {Q;}¢_,{B; i, {Ci}e_, C R™ ™ positive diagonal matrix D € R™*",
and a vector pair (b,d) € R x R?, this subsection considers the following QSDP:

min [(2) = = |DB(2)|]? + 22 [C(2) — d?]
st. Q(Z)=b, ZeP",

where P" = {Z € S" : trace (Z) = 1}. In particular, the problem instances tested are
given in Table 4.1.

We now describe the experiment parameters. First, the dimensions are (¢,n) =
(30,100) and only 5% of the entries of Q;,Bj, and C; are nonzero. Second, the
entries of Q;, Bj, C;, D, b, and d are generated using the procedure described in
[16, subsection 5.5.2.1]. Third, given a starting point zy € R™*™, all of the methods
attempt to find a quadruple (2, p,w, §) satisfying w € Vf(2) + 0dpn(2) + Q*p and

|9 bl .
T+~ bl

@]

“.1) T IV o)l

<p
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TABLE 4.1
Results for constant my and variable Ly. Within each (my, L) multirow, the first row presents
log,g KKT gaps/log,y function values, while the second row presents iteration counts (in thou-
sands)/runtimes (in tens of seconds). Log function value is computed as log;q ¢(Z2).

Log KKT gap/log function value (row 1)

Iteration count/runtime (row 2)

my Ly IALM QP QP(A) RQP IPL IPL(A1) IPL(A2)

10° 102 -4.1/-0.98 —4.2/-0.98 —4.0/-0.98 -4.2/-0.98 —4.0/-0.98 —4.0/-0.98 —4.0/-0.98
20.4/10.3 4.1/3.8  32/35  1.9/21  3.0/3.1  1.4/1.7  1.4/17

10° 103 ~4.1/0.04 -4.2/0.04 -4.3/0.04 -4.2/0.04 -4.0/0.04 —4.0/0.04 —4.0/0.04
36.2/18.6  3.9/3.7  4.4/47  20/2.2  17/1.7 0.8/0.9  0.8/0.9

10° 104 -4.3/1.04 -4.3/1.04 -4.3/1.04 -4.3/1.04 -4.3/1.04 -4.3/1.04 -4.3/1.04
102.1/51.5 4.1/3.7  9.3/10.1  2.5/27  1.3/1.3  0.6/0.8  0.6/0.8

101 10° -4.3/2.04 -4.3/2.04 -4.3/2.04 -4.3/2.04 -4.3/2.04 -4.3/2.04 -4.3/2.04
104.3/52.5 4.1/3.8  9.3/10.0 2.5/28  3.3/34  15/1.8  0.6/0.8

102 10° -4.3/2.04 -4.2/2.04 -4.3/2.04 -4.2/2.04 -4.1/2.04 -4.1/2.04 -4.0/2.04
48.9/24.7 3.9/3.6  4.4/48  2.0/2.2  24/24  1.0/1.3  0.8/0.9

103 10° -4.2/2.02 -4.1/2.02 -4.0/2.02 -4.2/2.02 -4.0/2.02 -4.0/2.02 —4.0/2.02

39.8/20.3 4.4/41  3.7/39  21/24  20/21 0.9/1.1  0.9/1.1

with p = f = 107%. Fourth, using the fact that | Z||r < 1 for every Z € P,, the
constant hyperparameters for the IPL and iALM methods are set to L, =0, L; =0,
p; =0, and B; = ||Q;|r for 1 < j < £. Finally, each problem instance considered is
based on a specific pair (my, L) for which the scalar pair (w;,ws) is selected so that
Lt = Amax(V2f) and my = —Apin(V2f).

We now make several observations and conclusions based on these tables. First,
comparing the results between QP(A) and RQP, we conclude that the presence of an
adaptive prox stepsize search in the latter method considerably improves its perfor-
mance compared to the former. Second, IPL(A2) is the direct counterpart of QP(A),
but its performance is better than the improved version of QP(A), namely RQP, in
9 out of 10 problem instances. Third, in view of the first remark above, it is reason-
able to infer that IPL(A1) and IPL(A2) could be considerably improved if the prox
parameter A is adaptively chosen. As the analysis for such an IPL variant involves
several technical difficulties, we leave its development for a future work.

4.2. Comparison with an O(¢~?) complexity method. We start by compar-
ing and contrasting the theoretical properties of each method. First, both the IATPAL
method and the S-prox-ALM are AL-based methods applied to NCO problems. More
specifically, SPA considers (1.1) under the requirement that A is the indicator function
of a polyhedron. Second, the S-prox-ALM also considers a sequence of proximal sub-
problems as in (1.4) and applies a single composite gradient step to inexactly solve
(1.4) instead of an ACG-type subroutine. Finally, while the TATPAL method only
requires choosing its parameters based on the scalars my, Ly, and || A|| to guarantee
convergence, the S-prox-ALM requires choosing its parameters based on the supre-
mum of a set of Hoffman constants (see the proof of [43, Lemmas 3.10 and 4.8]) that
is generally difficult to compute.

We now present some numerical results that compare the S-prox-ALM variants
against IP(A1), QP(A), and RQP. Since the S-prox-ALM does not have convergence
guarantees for the QSDP problem in subsection 4.1 (because the domain of h is not
polyhedral), we consider the vector variant of the QSDP. More specifically, given a
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TABLE 4.2
Results for constant my and variable Ly. Within each (my, L) multirow, the first row presents
log,g KKT gaps/ logyy function values, while the second row presents iteration counts (in thou-
sands). All experiments were run until 600 seconds have passed. Log function value is computed as

log;((200 + ¢(2)).

Log KKT gap/log function value (row 1)

Iteration count (row 2)

my Ly QP(A) RQP IPL(A1) SPA1 SPA2 SPA3

10° 102 -2.0/2.30  -2.9/2.30  -3.2/2.30  -2.3/2.30  -1.7/2.30  -1.1/2.30
11.5 12.2 11.6 9.9 9.8 9.9

10° 10° -1.2/2.30  -2.6/2.30  —-3.2/2.30  -1.9/2.30  -1.7/2.30  -1.1/2.30
11.7 12.2 11.2 8.8 9.8 9.8

100 10* -0.7/2.30  -2.3/2.30  —4.1/2.30  -1.7/2.30  -1.7/2.30  -1.5/2.30
11.9 12.1 13.6 9.9 9.9 9.9

10t 10° -0.7/2.39  -2.3/2.40  —4.1/2.41  -0.7/2.39  -1.4/241  -1.7/2.41
11.9 12.2 12.2 9.9 9.9 9.8

102 10° -0.9/2.35  -2.5/2.37  -3.4/2.37  -0.7/2.35  -1.4/2.37  -1.8/2.37
10.2 12.2 8.5 9.9 9.9 9.9

10° 10° -1.5/1.81  -2.4/1.83  -7.0/1.83 -0.6/1.75  -1.3/1.87  -2.0/1.87
9.5 12.0 3.0 9.9 9.9 9.7

pair of dimensions (£,n) € N2, a scalar pair (w;,ws) € Ri+7 matrices Q,C € R
and B € R"*", positive diagonal matrix D € R™*", and a vector pair (b, d) € R xR?,
we consider the problem

: W 2 | W2 2
min [ () - SHIDB2? + “Flcz - dI?]
st.Qz=0b, zeA",

where A" := {z € R": Y | x; = 1}. In particular, the problem instances tested are
given in Table 4.2.

We now describe the experiment parameters for the problem instances considered.
First, the dimension pair is (¢,n) = (20,1000) and all generated matrices have full
density. Second, the entries of @, B, C, and d (resp., D) are generated by sampling
from the uniform distribution [0, 1] (resp., U{1,...,1000}). Third, the vector b is set
to b= Q(e/n), where e is a vector of all ones. Fourth, the initial starting point zg is
set to be Z/ Y | Z;, where the entries of Z are sampled from the ¢/[0, 1] distribution.
Fifth, given a starting point zg € R", all of the methods attempt to find a quadruple
(2,P,, ) satisfying w € V f(2)+05an(2)+Q*p and (4.1) with p = /) = 10~7. Finally,
all experiments are run with a time limit of 600 seconds.

From the results, we can see that the IPL(A2) variant is substantially more ef-
ficient than SPA1-SPA3, QP(A), and RQP. We also notice that SPA1 (resp., SPA3)
tends to perform better when L is small (large).

5. Concluding remarks. This paper proposes the IAIPAL method for find-
ing a (p,7n)-approximate stationary point (see Definition 2.1) of a class of linearly
constrained smooth NCO problems and establishes, up to logarithmic terms, an
O(p—°2+p=27~1/?) ACG iteration complexity bound for it. Moreover, IAIPAL is the
first PAL method with provable complexity bounds for the case where (6, xx) = (0, 1)
in (1.6) for every k > 1. Computational results also show that TATPAL substantially
outperforms other algorithms in the literature for solving (1.1) (or special cases of it).

We now discuss some possible extensions of our paper. First, it is worth developing
an adaptive variant of TAIPAL as described in the conclusion of section 4. Second,
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one could analyze the convergence and computational behavior of IATPAL under the
multiplier update rule pxy1 = pr + xc(Azx — b) where y is a positive scalar lying in
a certain range. Finally, it is worth investigating whether the iteration complexity of
IATPAL can be improved, possibly for special instances of (1.1).

Appendix A. Other technical results.

This section is divided into three subsections. The first one revises an accelerated
gradient method used for solving the IAIPAL subproblems. The second subsection
establishes a result, using convex analysis, that is used to prove Lemma 3.10. The
last subsection presents a result regarding a refinement procedure related to the pair
(2,%) computed in step 2 of S-TATPAL.

A.1. An accelerated composite gradient method. Consider the composite
optimization problem

(A1) min{y(z) := ¢Ys(z) + Yu(x) : x € "},

where the following conditions are assumed to hold:

(A1) vy, : R™ — (—o0,+00] is a proper closed convex function; s
(A2) 1), is a convex differentiable function on dom 1), and there exists (71, M) € R?
satisfying M > 7i and fillu — z]|2/2 < ¥ (u) — €y, (u; ) < M|lu — z|/2/2 for
every z,u € dom v, where £y (-;-) is defined in (1.9).
We are now ready to state ACG. It is worth mentioning that other ACG variants
such as the ones in [1, 11, 33, 34] could also be used in the development of TATPAL.

ACG

(1) Let a pair of functions (15, 1,,) satisfying (A1) and (A2) for some (i, M) €
R2, a scalar 5 > 0, and an initial point yo € dom ¥y, be given; set zo = yo,
A():O, ’7'0:1, Czl/(M—ﬁ),andij;

(2) compute the iterates

o = STt V(CT)? + AT A
J 2 )

- Ay +ajzx;
Ajr=Aj+a;, 3 =700

)

Aj

- . - M .
Tiv1 = Tj + [faj, Yjp1 = argmingespn {gws (y:25) + Unly) + 7”1/ - $j|2} ,

1 a; ~ ~
Tit1 = —— | = (Y1 — T) + pagyia + 7|
Tj+1 ¢
(3) compute the quantities

~ Lo — Zj+1
i1 = A(Yj+1 — Tjr1) +

)

Aj
1
Nji+1 = m (||$0 - Z/j+1||2 - Tj+1||xj+1 - Z/j+1|\2) ;
J
(4) if the inequality
wjal® + 2n501 < 3% Myo — Y1 + wjsa ]l

holds, then stop and output (y,u,n) = (y;+1,uj+1,7;+1); otherwise, set
j=J+1and go to (1).
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Some remarks about ACG follow. First, the most common way of describing
an iteration of ACG is as in step 1. Second, the auxiliary iterates {u;} and {n;}
computed in step 2 are used to develop a stopping criterion for ACG when it is
called as a subroutine for solving the subproblems generated in step 1 of S-IATPAL
in subsection 2.2. Third, it can be shown (see, e.g., [7, 19]) that ACG (without steps
2 and 3) with 7 = 0 corresponds to the well-known FISTA algorithm. Fourth, the
sequence {A;} has the following increasing property:

. \ — 2(j-1)
Aj> ——maxd L (14, —L— Vi > 1.
M—ji [ 4(M — i)

Finally, it is worth mentioning that adaptive variants® of ACG have been studied,
for example, in [4, 16, 27, 33, 35]. A simple level of adaptiveness used in these
variants, which is also used inside some of the methods benchmarked in section 4,
is to replace M in the computation of y; in step 1 by an estimate M; computed as
follows: Mj is initially set to be M;_; and, if necessary, is repeatedly increased (either
additively, multiplicatively, or both) until the inequality ¥s(y;) — £y, (yj;Zj-1) <
M;l|ly; — %;-1]/?/2 is satisfied.

The next result, whose proof can be found in [19, Lemma 2.13], summarizes the
main properties of ACG used in this paper.

<

PROPOSITION A.1. Let {(yj,u;j,n;j)};>1 be the sequence generated by ACG applied
to (A.1), where (¢s,%y) is a given pair of data functions satisfying (Al) and (A2).
Then, the following statements hold:

(a) for every j > 1, we have u; € Oy, (Vs + ¥n)(y;);
(b) for any & > 0, the ACG method outputs a triple (y,u,n) satisfying

u € Oy(s +¥n)(y) Nl + 20 < 6%|lyo — y + ull?

in at most

(A.2)

+ — log; ([M — ﬁ} A,jﬁ) +1

iterations, where Ay z == (20 + 3)(1 4 )% /52,

A.2. A convex analysis result. This subsection contains a technical result of
convex analysis. It derives several characterizations of condition (B2) and establishes
an important inclusion that is used in the proof of Lemma 3.10.

LEMMA A.2. Let h € Conv(R") and L, > 0 be given. Then, the following
statements are equivalent:

(a) for every z,z' € H, we have h(z') < h(z) + Lp||z" — =||;

(b) for every z,z' € H, we have h'(z;2' — z) < Ly||2" — z||;

(c) for every z,z' € H and s € Oh(z), we have (s,z" — z) < Ly||z’ — z||;

(d) for every z € H, we have Oh(z) C B(0; Ly) + Ny/(2);

(e) for every z € H, we have Oh(z) N B(0; Ly,) # 0.

Moreover, any of the above conditions imply that

5The closest variant to ACG in this paper can be found in [16, section 5.2].
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(i) H is closed; B
(ii) for any z € H and € > 0, we have 0:-h(z) C B(0; Ly,) + N5,(z2).

(a) = (b) This statement follows from the fact that h(z') — h(z) > h/(z;2' — 2)
for every z,2" € H (see [38, Theorem 23.1]).

(b) = (c) This statement follows from the fact that h'(z;2" — z) > (s,2’ — z) for
every z,z' € H and s € Oh(z) (see [38, Theorem 23.2]).

(¢) = (d) Letting T (z) = cl (R4 - (H — 2z)) and Ny (z) denote the tangent cone

and the normal cone of H at z, respectively, and letting S := B(0; L) + Ny (z), we
easily see that (c) is equivalent to

(8:) S Lull - | + Ity () (1) = 05(0;1,) () + Ny () () = 05(-) Vs € Oh(z),

where the first equality follows in view of the discussion in page 115 of [38] and
[12, Example 2.3.1 combined with Proposition 5.2.4], the last equality is due to [38,
Corollary 16.4.1]. Since the above hold for every s € dh(z), we conclude that oy () <
os. Since both Oh(z) and S are closed, it follows from [38, Corollary 13.1.1] that
Oh(z) C S = B(O; Lp) + Ny (2).

(d) = (e) Assume that (d) holds. We will first show that (e) holds for every
z € ri H. Indeed, assume that z € ri #. This implies that Ny (z) is a subspace,
namely, the one orthogonal to the subspace parallel to the affine hull of H. It follows
from (d) that there exists s € dh(z) and n € Ny(z) such that ||s — n|| < Lj. Since
Ny (z) is a subspace, it follows that —n € Ng(z). The claim now follows by the
observation that s € 9f(z) and —n € Ny (z) immediately implies that s —n € 9f(2).
We will now show that (e) also holds for every z € rbd?. Indeed, assume that
z € tbhdH. Then, due to [12, Proposition 2.1.8], there exists {z;} C ri H such that
z), converges to z as k — oo. Since (e) holds for every z € ri H and {z} C ri H, we
conclude that for every k, there exists s € 9h(zy) such that ||sg|| < L. Hence, by
the Bolzano—Weisstrass theorem, there exists a subsequence {si}rex converging to
some s, which clearly satisfies ||s|| < L. Using the fact that {(zx, sx) }rex € Gr (Oh)
and {(zx, sk) }rek converges to (z,s), and the fact that h € Conv (R") implies that
the set Gr (Oh) is closed, we then conclude that (z,s) € Gr(0h), i.e., s € Oh(z). We
have thus shown that (e) holds for every z € rbd H as well.

(e) = (a) Let 2,2’ € H be given and assume that (e) holds. Then, there exists
s' € Oh(2') such that ||s'|| < Lj. Hence, h(z) —h(2') > (s',z2 = 2') > —||¢'|| ||17' — z|| >
—Ly||2" — z||, which proves (a).

(a) = (i) Assume that {z;} C H converges to z. The fact that h € Conv (R")
and the assumption that (a) holds imply that

h(z) <liminf h(zg) < lkim+inf (h(z1) + Lp||lzi — 21]|) = h(z1) + Lpl|z — 21| < 400,
—+00

k—+oco

and hence that z € H. We have thus shown that H is closed.
(a) = (ii) Let z € H and € > 0 be given and assume that (a) holds. Consider the
function ¢, defined as

¢.(Z') = h(z) + Lp||z’ — z|| + In(2") V' e R"™.

Clearly, ¢.(z) = h(z) and ¢, > h in view of (a). Using these two observations

and the definition of the e-subdifferential given in (1.8) , we immediately see that

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/25/23 to 128.61.247.56 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

208 W. KONG, J. G. MELO, AND R. D. C. MONTEIRO

0:h(z) C J.¢.(z). On the other hand, using the e-subdifferential rule for the sum of
two convex functions (see [13, Theorem 3.1.1]), we have that

0:0:(2) C Oc (Ll - —21) (2) 4 0= I3 (2) = O (L[ - I]) (0) + N3 (2),

where the last equality is due to the affine composition rule for the e-subdifferential
(see [13, Theorem 3.2.1]) and the fact that N3, (-) = 0:I»(-). The implication now

follows from the above two inclusions and the fact that d.(Ly|| - |)(0) = B(0; Ly,). O

We observe that (a) of Lemma A.2 is the same as condition (B2). Conditions (b)
to (e) are all equivalent to (a), and hence (B2). The implication (a) = (ii) is the one
that is used in the proof of Lemma 3.10.

A.3. A basic refinement result. Even though the result below, which is used
to prove Proposition 3.1, is a slight variant of [10, Lemma 32|, we include its proof
for the sake of completeness.

LEMMA A.3. Assume that h € Conv (™), g is a differentiable function on dom h,
and (z,¢€) € dom h x R is such that

(A.3) 0€d:(g+h)(2).

Assume also that there exists L > 0 such that

(A.4) glu) — L5(u;2) < Zllu— 2|2 Yu € dom h,

|t

and define

(A.5) Z := argmin,, {ﬁg(u; 2) + h(u) + §||u - z||2} 7 W= L(z — 3).

Then, the quadruple (z,Z,w,¢) satisfies
(A.6) w € Vg(z) + 8%(2)7 w € Vj(z) + éZJL(z), |lw|| <V 2Le.

Proof. The first inclusion in (A.6) follows from the definition of @ and the op-
timality condition for the problem in (A.5). Now, using the first inclusion in (A.6),
the definition of @ in (A.5), inclusion (A.3), inequality (A.4), and the subdifferential
definition (1.8), we conclude that for every u € R,

h(u) > h(2) + (W — Vg(z),u — 2)

@]

=h(z)+(w—Vg(z),u—z)+h(Z) — h(z) + 7 +(Vij(z),z — 2)
> h(z) (@ = V() u— =)+ hE) — bi) + LD 4 g() — g(a) - Tz - oI
> h(z) +{(w—Vg(z),u—z) —6+%,

which, in view of (1.8), clearly implies the second inclusion in (A.6). Finally, the
inequality in (A.6) follows from the above relations with u = z. d
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