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Winter 2019 1 CONVEX OPTIMIZATION

1 Convex Optimization

1.1 Subgradient Method

Consider the problem

min f(x)
s.t. x ∈X

whereX ≠ is a closed convex set and f ∶ Rn ↦ R is convex. Observe that:

(1) f is continuous

(2) ∂f(x) ≠ ∅ and compact for x ∈ Rn

Proposition 1.1. (a) For every x,x′ ∈X ,

∣f(x′) − f(x)∣ ≤ L∥x′ − x∥

where L = sup{∥g∥ ∶ g ∈ ∂f(x), x ∈X}. Observe that L > −∞ since ∂f(X) ≠ ∅.
(b) IfX is bounded then L <∞.

Proof. (b) Let s ∈ ∂f(x), x ∈X . �en

f(x + d) − f(x) ≥ ⟨s, d⟩ , ∀d.

Take d = s/∥s∥ and conclude that
f(x + d) − f(x) ≥ ∥s∥.

Since
sup{f(x + d) − f(x) ∶ ∥d∥ ≤ 1, x ∈X}

is �nite then (b) follows.

(a) Let s ∈ ∂f(x), x ∈X . �en ∀x′ ∈ R we have

f(x′) ≥ f(x) + ⟨s, x′ − x⟩
f(x) ≤ f(x′) + ⟨s, x − x′⟩

f(x) ≤ f(x′) + ⟨s, x − x′⟩ ≤ f(x′) + ∥s∥∥x − x′∥

and so
f(x) − f(x′) ≤ ∥s∥∥x − x′∥.

Similarly,
f(x′) − f(x) ≤ ∥s′∥∥x − x′∥.

Subgradient Method
(1) x0 ∈X is given
(2) For k = 0,1, ...
xk+1 = PX(xk − αksk) where αk and sk ∈ ∂f(xk)

1



Winter 2019 1 CONVEX OPTIMIZATION

Observation: Consider the iteration
x+ = PX(x − αs), α > 0.

�en f(x+) < f(x) is not necessarily true. For example,

a ∈ (0,1), x0 = (0,1), f(x1, x2) = ∣x1∣ + a∣x2∣.

We have
f(0,1) = a, ∂f(0,1) = [−1,1] × {a}, s = [η;a] ∈ ∂f(0,1)

where η ∈ [0,1]. Now

f(x − αs) = f(−αη,1 − αa)
= α∣η∣ + a∣1 − αa∣
≥ α∣η∣ + a(1 − αa)
= a + α(∣η∣ − a2).

Let ∣η∣ > a2. �en, the subgradient method on this problem is not a descent method.

Fact. For all x ∈ Rn, ∃s̄ ∈ ∂f(x) such that f ′(x;−s̄) < 0. In particular, s̄ = min{∥s∥ ∶ s ∈ ∂f(x)}.

Lemma 1.1. PX is nonexpansive, i.e.

∥PX(x) − PX(x′)∥ ≤ ∥x − x′∥ ∀x,x′ ∈X.

Lemma 1.2. For any u ∈X and k ≥ 0,

∥xk+1 − u∥2 ≤ ∥xk − u∥2 − 2λk[f(xk) − f(u)] + λ2
k∥sk∥2

Proof. We have

∥xk+1 − u∥ = ∥PX(xk − λsk) − PX(u)∥2

≤ ∥xk − λsk − u∥2

= ∥xk − u∥2 + λ2
k∥sk∥2 − 2λk ⟨sk, xk − u⟩

≤ ∥xk − u∥2 + λ2
k∥sk∥2 − 2λk [f(xk) − f(u)] .

Corollary 1.1. If f(u) < f(xk) then
∥xk+1 − u∥ < ∥xk − u∥

for any

λk ∈ (0,
2 [f(xk) − f(u)]

∥sk∥2
) .

Corollary 1.2. If xk is not optimal, then
∥xk+1 − x∗∥ < ∥xk − x∗∥

for any

λk ∈ (0,
2 [f(xk) − f∗]

∥sk∥2
) .

2



Winter 2019 1 CONVEX OPTIMIZATION

Stepsize Rules

1. (Polyak) Set λ = [f(xk) − f∗] /∥sk∥2

2. λk = λ for all k

3. λk = C/∥sk∥2 for some constant C ∈ R++

4. diminishing stepsize where∑λi =∞ and (∑λ2
i ) / (∑λi)→ 0

Let us now analyze the complexity of computing xk ∈X such that f(xk) − f∗ ≤ ε.

Proposition 1.2. Suppose ∃M > 0 such that

∥s∥ ≤M ∀s ∈ ∂f(X).

�e subgradient method with constant stepsize rule where λ = ε/M2 �ndsK ≥ 0 such that

θK ∶= min
k≤K

[f(xk) − f∗] ≤ ε and K ≤ ⌊d
2
0M

2

ε2
⌋

where d0 = minx∗∈X∗
∥x0 − x∗∥.

Proof. By Lemma 1.2, with u = x∗ such that d0 = ∥x∗ − x0∥, we have

2λkεk ≤ ∥xk − x∗∥2 − ∥xk+1 − x∗∥ + λ2
k∥sk∥2

where εk ∶= f(xk) − f∗. Hence, summing the above inequality from k = 0 toK ,

2
K

∑
k=0

εkλk ≤ ∥x0 − x∗∥2 − ∥xk+1 − x∗∥ +
K

∑
k=0

λ2
k∥sk∥2

≤ d2
0 − ∥xk+1 − x∗∥ +

K

∑
k=0

λ2
k∥sk∥2.

It follows that

2θK (
K

∑
k=0

λk) ≤ d2
0 +

K

∑
k=0

λ2
k∥sk∥2

and so

θK ≤
d2

0 +∑
K
k=0 λ

2
k∥sk∥2

2∑Kk=0 λk
≤ d

2
0 +∑

K
k=0 λ

2M2

2(K + 1)λ
= d

2
0 + (K + 1)λε
2(K + 1)λ

= d2
0

2(K + 1)λ
+ ε

2
= d2

0M

2(K + 1)ε
+ ε

2
.

If the bound d2
0M

2/[2(K + 1)ε] ≤ ε/2 holds then θK ≤ ε. �e condition k ≤ ⌊d2
0M

2/ε2⌋ clearly implies this
bound.

Observation. Under the rule λk = εk/∥sk∥2 we have

θK ≤ d
2
0 + ε∑

K
k=0 λk

2∑Kk=0 λk
= d2

0

2∑Kk=0 λk
+ ε

2
.

3
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Also,
K

∑
k=0

λk = ε
K

∑
k=0

1

∥sk∥2
≥ ε(K + 1)

M2

and hence
θK ≤ d2

0M
2

2ε(K + 1)
+ ε

2
.

Observation. Under the Polyak rule,

K

∑
k=0

λ2
k∥sk∥2 =

K

∑
k=0

λkεk Ô⇒
K

∑
k=0

λkεk ≤ d2
0 − ∥xk+1 − x∗∥2. (1.1)

Proposition 1.3. �e subgradient method with Polyak rule satis�es

(a) ∥xk+1 − x∗∥ ≤ ∥xk − x∗∥ and hence {xk} is bounded
(b) θK ≤ ε for everyK ≥ ⌊d2

0M
2/ε2⌋

(c) {xk}→ x∗ for some x∗ ∈X∗

Proof. (a) Exercise.

(b) Assume by contradiction that θK = mink≤K εk > ε andK ≥ ⌊d2
0M

2/ε2⌋. Using (1.1), we have

d2
0 ≥

K

∑
k=0

λkεk =
K

∑
k=0

ε2
k

∥sk∥2
≥ θ2

K

K

∑
k=0

1

∥sk∥2
≥
θ2
K(K + 1)
M2

.

Now the lower bound onK implies

K + 1 ≥ ⌊d
2
0M

2

ε2
⌋ + 1 ≥ d

2
0M

2

ε2

and hence
θ2
K ≤ d

2
0M

2

K + 1
≤ ε2

which produces the contradiction.

(c) ∃{xk}k∈K such that f(xk) → f∗ with xk → x̄ on k ∈ K . Continuity gives f(xk) → f(x̄) for k ∈ K . Since
f(x̄) = f∗ and so x̄ ∈X∗.

Proximal Problems

Consider the problem

f∗ = inf f(x)
s.t. x ∈ Rn

where f ∈ Conv(Rn). �e proximal point method (PPM) is described as follows.

PPM

Given x0 ∈ dom f

For k = 1,2, ...

choose λk > 0

4
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set xk = argminu [f(u) + ∥u − xk−1∥2/(2λk)]

Obs. �e optimality condition for the subproblem is (xk−1 − xk)/λk ∈ ∂f(xk).

IPP (Inexact Proximal Point Method)

Given x0 ∈ dom f

For k = 1,2, ...

choose λk > 0

�nd (xk, εk) ∈ Rn ×R such that vk = (xk−1 − xk)/λk ∈ ∂εkf(xk).

Q. What can I say about xk?

(1) f(xk) − f∗ ≤ ε ⇐⇒ 0 ∈ ∂εf(xk)

(2) vk ∈ ∂εkf(xk) s.t. ∥vk∥ ≤ ρ, εk ≤ ε ⇐⇒ 0 ∈ ∂εk (f − ⟨vk⋅⟩) (xk)

If dom f is bounded with diameterD, then for u ∈ dom f we have

f(u) ≥ f(xk) + ⟨vk, u − xk⟩ − εk
≥ f(xk) − (∥vk∥∥u − xk∥ + εk)
≥ f(xk) − (∥vk∥D + εk)
= f(xk) − ε̃k

where ε̃k = εk +D∥vk∥, and hence 0 ∈ ∂ε̃kf(xk).

1.2 Composite Subgradient Method

Consider the problem

f∗ = inf f(x) ∶= ϕ(x) + h(x)
s.t. x ∈ Rn

where ϕ ∶ Rn ↦ R convex and h ∶ Rn ↦ R̄ ∈ Conv(Rn).

Special case: h = δX where ∅ ≠X closed convex set .

Consider the problem

min
u
−aTu + λh(u) + 1

2
∥u∥2.

�is has the optimality condition

−a + λ∂h(u) + u ∋ 0 ⇐⇒ u = (I + λ∂h)−1(0)

where the right-hand-side is called the resolvent of h. Remark that if h = δX then (I + λ∂δX)−1 = PX .

Composite Subgradient Method

Given x0 ∈ domh

For k = 1,2, ...

choose sk ∈ ∂ϕ(xk)

5
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set xk+1 = argminu [⟨sk, u⟩ + h(u) + ∥u − xk∥2/(2λk+1)].
Obs. �e optimality condition of the subproblem is

sk + ∂h(xk+1) +
1

λk+1

(xk+1 − xk) ∋ 0.

Now note
sk ∈ ∂ϕ(xk) Ô⇒ sk ∈ ∂εk+1ϕ(xk+1)

where
εk+1 = ϕ(xk+1) − ϕ(xk) − ⟨sk, xk+1 − xk⟩ .

Hence,

vk+1 =
1

λk+1

(xk − xk+1) ∈sk + ∂h(xk+1)

⊆∂εk+1ϕ(xk+1) + ∂h(xk+1)
⊆∂εk+1(ϕ + h)(xk+1) = ∂εk+1f(xk+1).

Proposition 1.4. For every k ≥ 1, de�ne

v̄k =
∑ki=1 λivi

Λk

, ε̄k =
∑ki=1 λi [εi + ⟨vi, xi − x̄k⟩]

2Λk

where Λk = ∑ki=1 λi and x̄k ∈ Rn is a point satisfying

f(x̄k) ≤
1

Λk

k

∑
i=1

λif(xi), x̄k ∈ conv{x0, ..., xk}

where the former will be called (*) and the latter to be called (**). �en, (1)

f(x̄k) − f∗ ≤
d2

0 +∑
k
i=1 τi

2Λk

, ∥x̄k − x∗∥2 ≤ d2
0 +

k

∑
i=1

τi

and (2)

x̄k ∈ ∂ε̄kf(x̄k), ∥v̄k∥ ≤
(d0 +

√
d2

0 +∑
k
i=1 τi)

Λk

, ε̄k ≤
3 (d2

0 +∑
k
i=1 τi)

Λk

.

where
τk = 2λkεk − ∥xk − xk−1∥2.

Obs. Some choices of x̄k are:

x̄k =
∑ki=1 λixi

Λk

or x̄k = argmin{f(xi) ∶ i = 1,2, ..., k} .

Obs. Note that in the composite subgradient method we have

v̄k =
∑ki=1 λivi

Λk

= ∑
k
i=1(xi−1 − xi)

Λk

= x0 − xk
Λk

6
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and also

τk = 2λk [ϕ(xk) − ϕ(xk−1) − ⟨sk−1, xk − xk−1⟩] − ∥xk − xk−1∥2

≤ 2λk [⟨sk, xk − xk−1⟩ − ⟨sk−1, xk − xk−1⟩] − ∥xk − xk−1∥2

≤ 2λk [∥sk − sk−1∥∥xk − xk−1∥] − ∥xk − xk−1∥2

≤ max
t∈R

(2λk∥sk − sk−1∥t − t2)

= λ2
k∥sk − sk−1∥2 ≤ λ2

k(2M)2 = 4M2λ2
k

Corollary 1.3. For all k ≥ 1 and x∗ ∈X∗,

∥xk − x∗∥2 ≤ ∥x0 − x∗∥2 +
k

∑
i=1

τi.

Hence, if x̄k ∈ conv{x1, ..., xk} then

∥xk − x∗∥2 ≤ ∥x0 − x∗∥ +
k

∑
i=1

τi.

Lemma 1.3. De�ne ak(u) = εk + ⟨vk, xk − u⟩ for all u ∈ Rn. For every k ≥ 1:

(a) ak(u) ≥ f(xk) − f(x)

(b) ak(u) = 1
2λk

(τk + ∥u − xk−1∥2 − ∥u − xk∥2)

Proof. (a) Follows from the fact that vk ∈ ∂εkf(xk)

(b) Have

2λkak(u) = 2λkεk + 2λk ⟨vk, xk − u⟩
= 2λkεk + 2 ⟨xk−1 − xk, xk − u⟩
= 2λkεk + ∥u − xk−1∥2 − ∥u − xk∥2 − ∥xk − xk−1∥2

= τk + ∥u − xk−1∥2 − ∥u − xk∥2.

Lemma 1.4. For every k ≥ 1:

(a)∑ki=1 λiai(u) ≥ ∑ki=1 λi [f(xi) − f(u)]

(b)∑ki=1 λiai(u) =
∥u−x0∥2−∥u−xk∥2+∑ki=1 τi

2 =∶ θk(u)

Proof. Follows immediately from the previous Lemma.

Proof. (of previous proposition) By the above lemma, with u = x∗ we have

f(x̄k) − f∗ ≤
∑ki=1 λi [f(xi) − f∗]

Λk

≤ ∥x∗ − x0∥ − ∥x∗ − xk∥2 +∑ki=1 τi
2Λk

.

7
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Lemma 1.5. Assume x̄k satis�es (*). �en

f(x̄k) − f(u) ≤ ⟨v̄k, x̄k − u⟩ + (ε̄k − δk)

or equivalently v̄k ∈ ∂ε̄kf(x̄k) where

v̄k =
x0 − xk

Λk

, ε̄k =
∥x̄k − x0∥2 − ∥x̄k − xk∥2 +∑ki=1 τi

2Λk

.

Proof. Let

δk =
∑ki=1 λif(xi)
∑ki=1 λi

− f(x̄k) ≥ 0.

By part (a) of the previous lemma,

Λk [δk + f(x̄k) − f(u)] ≤
k

∑
i=1

λiai(u)

= θk(x̄k) + ⟨∇θk, u − x̄k⟩
= Λkε̄k + ⟨xk − x0, u − x̄k⟩
= Λkε̄k + ⟨Λkv̄k, u − x̄k⟩
= Λk [ε̄k + ⟨v̄k, u − x̄k⟩]

and the result follows a�er some algebraic manipulation.

Proposition 1.5. For every k ≥ 1:

(a) if x̄k satis�es (*) then v̄k ∈ ∂ε̄kf(x̄k)

(b) if x̄k satis�es (*) and (**) then

∥v̄k∥ ≤
d0 +

√
d2

0 +∑
k
i=1 τi

Λk

, ε̄k ≤
4d2

0 + 3∑ki=1 τi
Λk

.

Proof. (a) Follows from the previous lemma

(b) Let x∗ ∈X∗ be such that d0 = ∥x0 − x∗∥. �en,

Λk∥v̄k∥ = ∥x0 − xk∥
≤ ∥x0 − x∗∥ + ∥x∗ − xk∥

≤ ∥x0 − x∗∥ +

¿
ÁÁÀ∥x0 − x∗∥ +

k

∑
i=1

τi

= d0 +

¿
ÁÁÀd2

0 +
k

∑
i=1

τi.

8
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and also

2Λkε̄k ≤ ∥x̄k − x0∥2 +
k

∑
i=1

τi

≤ (∥x̄k − x∗∥2 + ∥x0 − x∗∥2) +
k

∑
i=1

τi

≤
⎛
⎜
⎝

¿
ÁÁÀd2

0 +
k

∑
i=1

τi + d2
0

⎞
⎟
⎠
+

k

∑
i=1

τi

≤ 2(d2
0 +

k

∑
i=1

τi + d2
0) +

k

∑
i=1

τi

= 4d2
0 + 3

k

∑
i=1

τi.

Composite Subgradient Method (Cont.)

Consider the problem f∗ = min f(x) = ϕ(x) + h(x) where ϕ ∶ Rn ↦ R convex and h ∈ Conv(Rn).
Method: x0 ∈ domh given

For k = 1,2, ...

choose sk−1 ∈ ∂ϕ(xk=1)
set xk = argminu [⟨sk−1, u⟩ + h(u) + ∥u − xk−1∥2/(2λk)] for some λk > 0.

Obs. See the previous discussion of the composite subgradient method wherein we have

vk ∶=
xk−1 − xk

λk
∈ ∂εkf(xk), sk−1 ∈ ∂ϕεk(xk)

where
εk = ϕ(xk) − ϕ(xk−1) − ⟨sk−1, xk − xk−1⟩ .

Obs. If ∇ϕ is L-Lipschitz then

εk ≤
L

2
∥xk − xk−1∥2,

τk = 2λkεk − ∥xk − xk−1∥2 ≤ (Lλk − 1)∥xk − xk−1∥2

and for λk ≤ 1/L we have τk ≤ 0 and Λk = k/L.

1.3 Stochastic Subgradient Method

Consider the problem

min f(x)
s.t. x ∈X

where ∅ ≠X ⊆ Rn is compact convex and f ∶ Rn ↦ R. We will assume that we have access to the following oracle:

9
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input: x ∈ Rn,

output: s ∈ Rn s.t. ŝ = EX(s) ∈ ∂f(x).

A call to the oracle is denoted by s ∈ O(x). We will assume that EX(∥s∥2) ≤ M̃2.

Stochastic Subgradient Method

Given x0 ∈X

For k = 0,1,2, ...

�nd sk ∈ O(xk)

set xk+1 = PX(xk − λksk) where λk > 0 is a stepsize

Lemma 1.6. For every k > ` ≥ 0:

2
k

∑
i=`
λi (E [f(xi)] − f∗) ≤ E (∥x` − x∗∥2) −E (∥x` − x∗∥2) + M̃2

k

∑
i=`
λi

Proof. For i ≥ 0, if Exk is the expectation of xk+1 given xk:

Exk (∥xk+1 − x∗∥2) = Exk (∥PX(xk − λksk) − PX(x∗)∥2)
≤ Exk (∥xk − x∗ − λksk∥2)
≤ ∥xk − x∗∥2 − 2λk ⟨ŝk, xk − x∗⟩ + λ2

kExk (∥sk∥2)
≤ ∥xk − x∗∥2 − 2λk [f(xk) − f∗] + λ2

kM̃
2

Taking expectations with respect to xi,

E (∥xi+1 − x∗∥2) −E (∥xi − x∗∥2) ≤ λ2
i M̃

2 − 2λi (E [f(xi)] − f∗)

and summing from i = ` to k yields the result.

Lemma 1.7. For 0 ≤ ` ≤ k,

E (fmin
k ) − f∗ ≤

E (∥x` − x∗∥2) + M̃2∑ki=` λ2
i

2∑ki=` λi
where fmin

k = min1≤`≤k f(xi).

Proof. First observe that E[fmin
k ] ≤ mini≤kE[f(xi)] and so

E[fmin
k ] − f∗ ≤ min

1≤i≤k
(E[f(xi)] − f∗)

≤ min
`≤k

(E[f(xi)] − f∗)

≤ ∑
k
i=` λi (E[f(xi)] − f)

∑ki=` λi

≤
E (∥x` − x∗∥2) + M̃2∑ki=` λ2

i

2∑ki=` λi

where the last inequality follows from applying the previous lemma.

10
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If λi = c/
√

(i + 1) then

k

∑
i=⌊k/2⌋

λ2
i = c2

k

∑
i=⌊k/2⌋

1

i + 1
= c2 log(i + 1)]

k

⌊k/2⌋
= O(c2)

k

∑
i=⌊k/2⌋

λi = c
k

∑
i=⌊k/2⌋

1√
i + 1

= c2Ω(
√
k)

E(fmin
k ) − f∗ ≤ O (D

2 + M̃2c2

√
k

) (∗)= O (M̃D√
k

)

where (∗) is when c =D/M̃ .

Application 1

Consider the problem

min f(x) ∶=
m

∑
i=1

fi(x)

s.t. x ∈X

where fi ∶ Rn ↦ R is convex. We will assume that for each i = 1, ...,m, ∃Mi such that ∥s∥ ≤Mi for all s ∈ ∂fi(x)
for all x ∈X .

Algorithm

Given x0 ∈X

For k = 0,1, ...

• choose ik ∈ {1,2, ...,m} randomly with uniform distribution and then choose s̄ik ∈ ∂fik(xk)

• set xk+1 = PX(xk − λksk) where

sk =ms̄ik , D = diam(X), M̃ = (m
k

∑
i=1

M2
i )

1/2

, λk =
D

M̃
√
k + 1

.

Obs. 1) Given xk ∈X let s̄i ∈ ∂fi(xk) for i = 1, ...,m. �en, if Pxk denotes the probability given xk,

Pxk (sk =ms̄i) =
1

m

and

Exk(sk) =
m

∑
i=1

Pxk (sk =ms̄i) (ms̄i)

=
m

∑
i=1

s̄i ∈ ∂f1(xk) + ... + ∂fm(xk) = ∂f(xk)

11



Winter 2019 1 CONVEX OPTIMIZATION

Also,

Exk (∥sk∥2) =
m

∑
i=1

Pxk (sk =ms̄i) ∥ms̄i∥2

=m
m

∑
i=1

∥s̄i∥2 ≤m
m

∑
i=1

M2
i = M̃2.

�e complexity is

E(fmin
k ) − f∗ = O ( DM√

k + 1
)

where
M = {∥s̄1 + ... + s̄m∥ ∶ s̄i ∈ ∂fi(x), x ∈X} ≤M1 + ... +Mm = ∥(M1, ...,Mm)∥1.

Application 2

Consider the same framework as before, with

fi(x) = ∣aTi x + bi∣, ai ∈ Rn, bi ∈ R.

�en

∂fi(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ai, if aTi x + bi > 0

−ai, if aTi x + bi < 0

[−1,1]ai, if aTi x + bi = 0.

Any s ∈ ∂f(X) has the form s = ATλ, λ ∈ [−1,1]m. Now,

∥s∥ ≤ ∥AT ∥∥λ∥ ≤
√
m∥AT ∥

M2 ≤m∥ATA∥ =mλmax(ATA)

M̃2 =m
m

∑
i=1

∥ai∥2 =mtr(ATA) =m
m

∑
i=1

λi(ATA)

and hence
1

m
≤ M

2

M̃2
= λmax(ATA)
∑mi=1 λi(ATA)

≤ 1.

1.4 Saddle-Point Subgradient Method

Consider the saddle-point problem

min
x∈X

max
y∈Y

ψ(x, y)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=p(x)

= max
y∈Y

min
x∈X

ψ(x, y)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=d(y)

where ψ ∶ Rn ×Rm ↦ R. We will assume that:

• X,Y are closed convex sets

• ψ is convex-concave di�erentiable function onX × Y

• p∗ = d∗ ∈ R

12
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• X(y) ∶= argminx∈X ψ(x, y) ≠ ∅ for all y ∈ Y

Lemma 1.8. Have:

(1) −d ∈ Conv(Rn)

(2) sy = −∇yψ(xy, y) ∈ ∂(−d)(y) for all xy ∈X(y) and y ∈ Y

Proof. (1) We have −d = supx∈X {−ψ(x, ⋅) + δY (⋅)}. So −d is the pointwise supremum of closed convex functions.

(2) Let y ∈ Y and xy ∈X(y) be given and let ỹ ∈ Y . So,

−d(ỹ) = sup
x∈X

−ψ(x, ỹ)

≥ −ψ(xy, ỹ)
≥ −ψ(xy, y) −∇y [ψ(xy, y)]T (ỹ − y)
= −d(y) + sTy (ỹ − y)

and thus sy ∈ ∂(−d)(y).

Now let us assume that there existsM > 0 such that for all y ∈ Y and xy ∈ X(y) we have ∥sy∥ ≤M . �is leads to
the following dual method.

�e Dual Projected Subgradient Method

(0) y0 ∈ Y given

(1) For k = 0,1, ...

compute xk ∈X(yk)

set yk+1 = PY (yk − λksk) where

λk > 0 is a stepsize and sk = −∇ψ(xk, yk) ∈ ∂(−d)(yk).

Obs. For all y ∈ Y we have

∥yk+1 − y∥2 ≤ ∥yk − λksk − y∥2

= ∥yk − y∥2 + λ2
k∥sk∥2 − 2λk ⟨sk, yk − y⟩

and so
∥yk − y∥2 − ∥yk+1 − y∥2 + λ2

k∥sk∥2 ≥ 2λkak(y)

where ak(y) = ⟨sk, yk − y⟩ .

Lemma 1.9. For every k ≥ 0 and (x, y) ∈X × Y ,

k

∑
i=1

λiai(y) ≥ Λk [ψ(xak, y) − ψ(x, yak)]

where

Λk =
k

∑
i=0

λi, xak =
k

∑
i=0

λixi/Λk, yak =
k

∑
i=0

λiyi/Λk.

13
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Proof. For i ≥ 0 and (x, y) ∈X × Y ,

ai(y) = ⟨si, yi − y⟩
= ⟨−∇yψ(xi, yi), yi − y⟩
≥ −ψ(xi, yi) − (−ψ(xi, y))
= ψ(xi, y) − ψ(xi, yi)
≥ ψ(xi, y) − ψ(x, yi)

since xi ∈X(yi). So,

k

∑
i=0

λiai(y) ≥ Λk

k

∑
i=0

λi
Λk

[ψ(xi, y) − ψ(x, yi)]

≥ Λk [ψ(xai , y) − ψ(x, yai )] .

Lemma 1.10. For all (x, y) ∈X × Y,

ψ(xak, y) − ψ(x, yak) ≤
∥y0 − y∥2 − ∥yk+1 − y∥2 +∑ki=0 λ

2
i ∥si∥2

2Λk

or equivalently, for all y ∈ Y ,

ψ(xak, y) − d(yak) ≤
∥y0 − y∥2 − ∥yk+1 − y∥2 +∑ki=0 λ

2
i ∥si∥2

2Λk

.

Applications

Consider the problem

p∗ = min f(x)
s.t. g(x) ≤ 0

x ∈X

where f is convex, g ∶ Rn ↦ Rm convex,X convex. Assume that

(1)p∗ ∈ R,

(2) ∃x̄ ∈X such that g(x̄) < 0.

De�ne ψ(x, y) = f(x) + yTg(x), d(y) = infx∈X f(x) + yTg(x), and assume that X(y) ≠ ∅ for all y ∈ Y . Here,
sy = −g(xy) where xy ∈X(y).

Take y = g(xak)+/∥g(xak)+∥ and remark that if g = g+ − g− with g+, g− ≥ 0 then

⟨y, g+ − g−⟩ = ⟨ g+

∥g+∥
, g+ − g−⟩ = ∥g+∥.

14
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We then have

f(xak) + yTg(xak) − d(yak) = f(xak) − d(yak) + ∥g(xak)+∥

≤
∥y0 − y∥2 +∑ki=0 λ

2
i ∥si∥2

2Λk

which will reduce due to the fact that y has a norm of 1.

1.5 Bregman Distance

Consider the problem

min f(x)
s.t. x ∈X

where f convex and X closed convex, under the assumption that there exists M > 0 such that ∥s∥ ≤ M for all
s ∈ ∂f(x) for all x ∈X . Consider the iteration scheme given by

xk+1 = PX(xk − λksk)

= argminx {`f(x;xk) +
1

2λk
∥x − xk∥2 ∶ x ∈X} .

To be more general, we can consider a σ-strongly convex di�erentiable function w ∶ Rn ↦ (−∞,+∞] ∈ Conv(Rn)
whereX ⊆ domw and dom∂w ⊆X and de�ne a function dw ∶ Rn × dom∂w ↦ (−∞,+∞] by

dw(x;x0) ≡ dwx0(x) = w(x) −w(x0) − ⟨∇w(x0), x − x0⟩ .

�e general method that we will discuss is one of the form

xk+1 = argminx {`f(x;xk) +
1

2λk
dwxk(x) ∶ x ∈X} .

Mirror Descent Method

Consider the problem

f∗ = min f(x)
s.t. x ∈X

where

• f ∶ Rn ↦ R convex

• X ⊆ Rn closed convex and nonempty

• the set of optimal solutionsX∗ is nonempty

• ∃M > 0 such that ∥s∥∗ ≤M for all s ∈ ∂f(x) and for all x ∈X .

Let w ∶ Rn ↦ (−∞,∞] ∈ Conv(Rn) satisfying

15
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• w is di�erentiable on dom(∂w)

• riX ⊆ int(domw) andX ⊆ domw

• w is µ-strongly convex onX with respect to ∥ ⋅ ∥ where µ > 0.

De�neW 0 = int(domw) andW = domw.

Proposition 1.6. dom(∂w) = int(domw) ≠ ∅.

Proof. dom(∂w) ⊆ int(domw). It is also well-known that

int(domw) = ri(domw) ⊆ dom(∂w).

Bregman Distance

�e Bregman distance is a function dw ∶ Rn ×W 0 ↦ (−∞,+∞] given by

dw(x, x̄) ≡ dwx̄(x) ∶= w(x) − `w(x; x̄) = w(x) −w(x̄) − ⟨∇w(x̄), x − x̄⟩ .

Obs: dom(dwx̄) = domw

Proposition 1.7. We have

(1) dwx̄(x) ≥ 0 for all x ∈W and x̄ ∈W 0

(2) dwx̄(x) ≥ µ∥x − x̄∥/2 for all x ∈X and x̄ ∈X ∩W 0.

Example 1.1. (1) w(x) = ∥ ⋅ ∥2
2/2 gives dwx̄(x) = ∥x − x̄∥2/2 and µ = 1 with respect to ∥ ⋅ ∥2;

(2) w(x) = ∑ni=1 xi logxi gives

dwx̄(x) =
n

∑
i=1

(xi log
xi
x̄i
+ x̄i − xi)

and µ = 1 with respect to ∥ ⋅ ∥1;

Mirror Descent Method

(1) Given x0 ∈X ∩W 0

(2) For k = 0,1, ...

choose λk > 0 and sk ∈ ∂f(xk) and set

(∗) xk+1 = argminx∈X `f(x;xk) + dwxk(x)/λk
where `f(x;xk) = f(xk) + ⟨sk, x − xk⟩ .

Proposition 1.8. For every k ≥ 0,

(a) xk+1 is well de�ned

(b) xk+1 ∈X ∩W 0

16
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Lemma 1.11. If ϕ ∈ Conv(Rn) is such that domϕ =X then

(∗∗) inf
x∈Rn

ϕ(x) +w(x)

has a unique solution x̄ ∈X ∩W 0.

Proof of Proposition. Let ϕ(x) = λk`f(x;xk) + δX(x) − `w(x;xk). So (∗) is the same as (∗∗).

Proof of Lemma. We know that ϕ + w ∈ Conv(Rn) and is also strongly convex. So (∗∗) has a unique minimizer
x̄. Clearly x̄ ∈ X . Have 0 ∈ ∂(ϕ +w)(x̄) = ∂ϕ(x̄) + ∂w(x̄) which follows from the fact thatW 0 ∩ riX ≠ ∅ Ô⇒
ri(domw) ∩ ri(domϕ) ≠ ∅.

Lemma 1.12. For every k ≥ 0 we have

λsk +∇w(xk+1) −∇w(xk) +NX(xk+1) ∋ 0

or equivalently

sk +
∇w(xk+1) −∇w(xk)

λk
+ nk = 0, nk ∈ NX(xk+1).

Lemma 1.13. For every z0, z ∈W 0 and u ∈W ,

dwz0(u) − dwz0(z) = ⟨∇dwz0(z), u − z⟩ + dwz(u)

Proof. Exercise.

Lemma 1.14. For every k ≥ 0 and u ∈W ,

dwxk(u) − dwxk+1(u) ≥ −
λ2
kM

2

2µ
+ λk ⟨sk, xk − u⟩ .

Proof. Let z0 = xk, z = xk+1, s = sk, n = nk and λ = λk. �en, for all u ∈W ∩X ⊆X ∶

dwxk(z) − dwxk+1(u) = dwz0(z) − dwz(u)
= dwz0(z) + ⟨∇(dwz0)(z), u − z⟩
⋮

≥ µ
2
∥z − z0∥2 − λ∥s∥∗∥z − z0∥ + λ ⟨s, x − u⟩

≥ −λ
2∥s∥2

∗
2µ

+ λ ⟨s, x − µ⟩

where ∥s∥∗ = max{⟨s, x⟩ ∶ ∥x∥ ≤ 1} .

Lemma 1.15. For every k ≥ ` and u ∈X ,

k

∑
i=`
λi [f(xi) − f(u)] ≤

k

∑
i=`
λi ⟨si, xi − u⟩ ≤ dwx`(u) − dwxk+1(u) +

∑ki=` λ2
iM

2

2µ
.
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Proposition 1.9. For every k ≥ 0,

f(x̄k) − f∗ ≤
dwx0(x∗) + M2

2µ ∑
k
i=0 λ

2
i

Λk

where x̄k is any point such that

f(x̄k) ≤
k

∑
i=0

λif(xi)

and Λk = ∑ki=0 λi.

Constant stepsize scheme

Consider λ = µε/M2 for a given tolerance ε > 0. IfD0 = minx∗∈X∗
{dwx0(x∗)} and k ≥ 2D0M2/(µε2), then

f(x̄k) − f∗ ≤
D0

λk
+ M

2λ

2µ
= D0M2

µεk
+ ε

2
≤ ε.

Application

Consider

min f(x)
s.t. x ∈ ∆n = {x ≥ 0 ∶ eTx = 1}

with x0 = e/n.

In the Euclidean setting, with w = ∥ ⋅ ∥2/2, we have

dwx0(x) ≤
1

2
(1 − 1

n
) , k ≥ M

2
2

ε2
.

In the non-Euclidean setting, with w(x) = ∑ni=1 xi logxi, we have

dwx0(x) =
n

∑
i=1

xi lognxi ≤ logn Ô⇒ D0 = logn, k ≥ 2 lognM2
∞

ε2

which could be better or worse, depending on the constants.

1.6 Prox-Subgradient

Consider the problem

min f(x) + h(x)
s.t. x ∈ Rn

where h ∈ Conv(Rn), f ∶ Rn ↦ R is convex, and for all x, x̃ ∈ Rn and s ∈ ∂f(x), s̃ ∈ ∂f(x̃) we have

∥s̃ − s∥ ≤ 2M +L∥x̃ − x∥.

For example, we could have f = ϕ + g where ϕ, g are convex, ϕ is L-smooth and g hasM-bounded subgradient.

18
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Proposition 1.10. For x, x̃ ∈ Rn and s ∈ ∂f(x) we have

f(x̃) − `f(x̃;x) ≤ 2M∥x̃ − x∥ + L
2
∥x̃ − x∥2

where
`f(x̃;x) = f(x) + ⟨s, x̃ − x⟩ .

Proof. We have

f(x̃) − `f(x̃;x)
= f(x̃) − f(x) − ⟨s, x̃ − x⟩

= ∫
1

0
⟨st, x̃ − x⟩dt − ⟨s, x̃ − x⟩

≤ ∫
1

0
∥st − s∥∥x̃ − t∥dt

≤ ∥x̃ − x∥∫
1

0
(2M +L∥xt − x∥)dt

= ∥x̃ − x∥ (2M + L
2
∥x̃ − x∥)

where st ∈ ∂f(xt), xt = x + t(x̃ − x).
Prox (Composite) Subgradient Method

(1) Given x0 ∈ Rn

(2) For k = 0,1, ...

choose λ > 0 and sk ∈ ∂f(xk) and set

xk+1 = argminx∈X `f(x;xk) + 1
2λ∥x − xk∥2 + h(x)

where `f(x;xk) = f(xk) + ⟨sk, x − xk⟩ and λ = ε/(4M2 + εL).
Optimality Condition

We have
sk + ∂h(xk+1) +

1

λ
(x − xk) ∋ 0, sk ∈ ∂f(xk)

and hence
1

λ
(xk − xk−1) ∈ ∂εk+1f(xk+1) + ∂h(xk+1)

where

εk+1 = f(xk+1) − f(xk) − ⟨sk, xk+1 − xk⟩ ,
λk+1 = λ.

Note:

εk+1 ≤ 2M∥xk+1 − x0∥ +L∥xk+1 − xk∥2/2
τk+1 = 2λk+1εk+1 − ∥xk − xk+1∥2

≤ 4Mλk+1∥xk+1 − xk∥2 + (λL − 1)∥xk+1 − xk∥2
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Main Result

If x̄k ∈ Rn is such that

f(x̄k) ≤
∑ki=1 λif(xi)

Λk

= ∑
k
i=1 f(xi)
k

, Λk =
k

∑
i=1

λi = λk,

then

f(x̄k) − f∗ ≤
d2

0 +∑
k
i=1 τi

2Λk

where τk = 2λkεk − ∥xk − xk−1∥2.

Lemma 1.16. For all k ≥ 1 and λ ∈ (0,1/L), we have

τk ≤
4M2λ2

1 − λL
.

Proof. Directly,

τk = 2λkεk − ∥xk − xk−1∥2

≤ 2λ

⎡⎢⎢⎢⎢⎢⎢⎣

2M ∥xk − xk−1∥
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

δk

+L
2
∥xk − xk−1∥2

⎤⎥⎥⎥⎥⎥⎥⎦

− ∥xk − xk−1∥2

= 4λMδk − (1 − λL)δ2
k

≤ 4λ2M2

1 − λL
.

Lemma 1.17. For every k ≥ 1 and λ < 1/L we have

f(x̄k) − f∗ ≤
d2

0

2λk
+ 4M2λ

2(1 − λM)
.

Proposition 1.11. If λ = ε/(4M2 + εL) then

f(x̄k) − f∗ ≤
d2

0

2k
(4M2

ε
+L) + ε

2
.

As a consequence, if

k ≥ d
2
0

ε
(4M2

ε
+L)

then f(x̄k) − f∗ ≤ ε.

Lemma 1.18. For every k ≥ 1,

f(xk) − f(u) ≤
1

2λk
(τk + ∥u − xk−1∥2 − ∥u − xk∥2) .

Corollary 1.4. For k ≥ 1,

f(xk−1) − f(xk) ≥
1

2λk
(∥xk−1 − xk∥2 − τk) .
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Corollary 1.5. IfM = 0 and λ ∈ (0,2/L) then

τk ≤ (λL − 1)∥xk − xk−1∥2, f(xk−1) − f(xk) ≥
2 − λL

2λ
∥xk − xk−1∥2.

Proof. Consider the case λ > 1/L. We have

k

∑
i=1

τi ≤ (λL − 1)
k

∑
i=1

∥xi − xi−1∥2

≤ (λL − 1) λ

2 − λL

k

∑
i=1

[f(xi−1) − f(xi)]

= (λL − 1) 2λ

2 −Lλ
[f(x0) − f∗]

and so
f(x̄k) − f∗ ≤

d2
0

2λk
+ [λL − 1

2 − λL
] [f(x0) − f∗

k
]

for λ ∈ [ 1
L ,

2
L
) .Hence,

f(x̄k) − f∗ ≤
d2

0

2λk
+max{0,

λL − 1

2 − λL
}[f(x0) − f∗

k
] .

Extra

Consider the optimality condition

∇f(xk−1) + ∂h(xk) +
1

λ
(xk − xk−1) ∋ 0

and de�ne
vk = ∇f(xk) −∇f(xk−1) +

1

λ
(xk−1 − xk).

We then have vk ∈ ∇f(xk) + ∂h(xk). Now,

∥vk∥2 ≤ (L + 1

λ
)

2

∥xk − xk−1∥2

and

min
i≤2k

∥vi∥2 ≤ min
k+1≤i≤2k

∥vi∥2 ≤ (L + 1

λ
)

2

min
k+1≤i≤2k

∥xi − xi−1∥2

≤ (L + 1

λ
)

2

( 2λ

2 − 2λL
) min
k+1≤i≤2k

[f(xi−1) − f(xi)]

≤ (L + 1

λ
)

2

( 2λ

2 − 2λL
)(f(xk) − f∗

k
)

(∗)
≤ (L + 1

λ
)

2

( 2λ

2 − 2λL
)(f(x̄k) − f∗

k
)

∼ O ( 1

k2
)

where (∗) use the fact that f(xk) ≤ f(xk−1), i.e. monotonicity. Hence mini≤k ∥vi∥ ∼ O(1/k).
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1.7 Nesterov’s Method

Consider the composite problem

ϕ∗ = min ϕ(x) = f(x) + h(x)
s.t. x ∈ Rn

where f ∶ Rn ↦ R is convex and di�erentiable and h ∈ Conv(Rn). Assume that:

(1) ϕ∗ ∈ R and the set of optimal solutions is nonempty;

(2) ∃L > 0 such that
f(x) ≤ `f(x̃;x) + L

2
∥x̃ − x∥2, ∀x, x̃ ∈ Rn;

(3) ϕ is µ-strongly convex.

Given A ≥ 0, τ > 0, and x, y ∈ Rn, we want to �nd A+ > A, τ+ > τ, and x+, y+ ∈ Rn such that

η+ = A+ [ϕ(y+) − ϕ(u)] + τ
+

2
∥u − x+∥2

≤ A [ϕ(y) − ϕ(u)] + τ
2
∥u − x∥2 = η. (1.2)

Considering η = η0 and η+ = ηk, we have

ϕ(yk) − ϕ(u) ≤
A0

Ak
[ϕ(y0) − ϕ(u)] +

τ0

2Ak
∥u − x0∥2

and so ϕ(yk) − ϕ∗ = O(d2
0/Ak).Many variants will use (A0, τ0) = (0,1). Let us remark that (1.2) is equivalent to

A+ϕ(y+) + τ
+

2
∥u − x+∥2 ≤ Aϕ(y) + aϕ(u) + τ

2
∥u − x∥2 (1.3)

where a = A+ −A.

Lemma 1.19. Assume that γ ∈ Conv(Rn) is µ-strongly convex (µ ≥ 0), γ ≤ ϕ, y+ ∈ Rn, and γ ≤ ϕ is such that

A+ϕ(y+) ≤ Aϕ(y) +min{Aγ(u) + τ
2
∥u − x∥2} . (1.4)

�en τ+ = τ + aµ and
x+ = argmin{aγ(u) + τ∥u − x∥2/2}

satis�es (1.3).

Proof. �e equation (1.4) is equivalent to

Aϕ(y) + aγ(u) + τ
2
∥u − x∥2 ≥ A+ϕ(y+) + aµ + τ

2
∥u − x∥2

= A+ϕ(y+) + τ
+

2
∥u − x∥2

and the result follows from the fact that γ ≤ ϕ.
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Goal: Given (A, τ, x, y), construct A+, y+, γ ≤ ϕ satisfying (1.4). Observe that for all a > 0 we have

Aϕ(y) +min{aγ(u) + τ
2
∥u − x∥2}

= Aϕ(y) + aγ(x+) + τ
2
∥x+ − x∥2

≥ Aγ(y) + aγ(x+) + τ
2
∥x+ − x∥2

≥ (A + a)γ (Ay + ax
+

A + a
) + τ

2
∥x+ − x∥2.

Now let
ỹ = Ay + ax

+

A + a
, x̃ = Ay + ax

A + a
and note that ∥ỹ − x̃∥ = [a/(A + a)]∥x+ − x∥. Hence,

Aϕ(y) +min{aγ(u) + τ
2
∥u − x∥2}

≥ (A + a)γ(ỹ) + τ
2
(A + a

a
)

2

∥ỹ − x̃∥2

= (A + a) [γ(ỹ) + τ
2
⋅ A + a
a2

∥ỹ − x̃∥2] .

Choose a > 0 such that τ(A + a)/a2 = L̃ = L − µ and set A+ = A + a. �en

Aϕ(y) +min{aγ(u) + τ
2
∥u − x∥2} ≥ A+ [γ(ỹ) + L̃

2
∥ỹ − x̃∥2] .

Let us now consider two variants under this framework.

(1) γ = `f(⋅; x̃) + h + µ∥ ⋅ −x̃∥2/2

If ϕ is µ-strongly convex then γ ≤ ϕ (exercise)

Iteration: Given A ≥ 0, τ > 0, and (x, y) ∈ Rn × Rn, set x+ = argmin{aγ(u) + τ∥y − x∥2/2} and y+ = ỹ =
(Ay + ax+)/(A + a). �en

A+ [γ(ỹ) + L̃
2
∥ỹ − x̃∥2]

= A+ [γ(ỹ) + L̃
2
∥y+ − x̃∥2]

= A+ [`f(ỹ; x̃) + L̃
2
∥y+ − x̃∥2 + h(y+)]

≥ A+ [f(y+) + h(y+)] = Aϕ(y+).

(2) [FISTA] γ(u) = γ̃(y+) + ⟨L(x̃ − y+), u − y+⟩ + µ∥u − y+∥2/2 where

γ̃ = `f(⋅; x̃) + h + µ∥ ⋅ −x̃∥2/2.
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De�ne

y+ = argmin{γ̃(u) + L̃
2
∥u − x̃∥2} = argmin{`f(u; x̃) + h(u) + L

2
∥u − x̃∥2} .

We have:

(i) ϕ ≥ γ̃ ≥ γ

Proof. We know that γ̃ ≤ ϕ. Also, by the optimality of y+ we have L̃(x̃ − y+) ∈ ∂γ̃(y+). Hence,

ϕ(u) ≥ γ̃(u) ≥ γ̃(y+) + ⟨L̃(x̃ − y+), u − y+⟩ + µ∥u − y+∥2/2 = γ(u).

(ii) γ(y+) = γ̃(y+). (exercise)

(iii) the quantity

A+ [γ(ỹ) + L̃
2
∥ỹ − x̃∥2]

≥ A+ min
u

[γ(u) + L̃
2
∥u − x̃∥2]

= A+ [γ(y+) + L̃
2
∥y+ − x̃∥2]

= A+ [γ̃(y+) + L̃
2
∥y+ − x̃∥2]

≥ A+ϕ(y+).

Growth of Ak
Let us de�ne

θ ∶= τ

L̃
= a2

A + a
whereby

a = θ +
√
θ2 + 4Aθ

2
≥ θ

2
+
√
Aθ ≥ A +

√
Aθ + θ

2
≥ (

√
A +

√
θ

2
)

2

.

Now since A+ = A + a, we have
√
Ak+1 ≥

√
Ak +

√
θk
2

=
√
Ak +

√
τk

2
√
L̃
.

If µ > 0 then then improves, by using τ0 = τ0 +Akµ, to

√
Ak+1 ≥

√
Ak

⎛
⎝

1 +
√
µ

2
√
L̃

⎞
⎠

which implies a geometric convergence rate.

FISTA
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Recall in FISTA that
x+ = argmin{γ̃(u) + a∥u − x∥2}

where γ̃(u) = γ(y+) + ⟨(x̃ − y+)L,u − y+⟩ and γ(u) = `f(u; x̃) + h(u). Also,

y+ = argmin{γ(u) + L
2
∥u − x̃∥2} , x̃ = Ay + ax

A + a
.

Lemma 1.20. We have x+ = (A+y+ −Ay)/a.

Proof. We have

x+ = x − a∇γ̃
= x − aL(x̃ − y+)

= x − aL(Ay + ax
A + a

− y+)

= x − A + a
a

(Ay + ax
A + a

− y+)

= A
+y+ −Ay
a

.

Lemma 1.21. We have x̃+ = y+ + [(t − 1)/(t+)](y+ − y) where t = A+/a = aL.

Proof. We have

x̃+ = A+

A++y
+ + a+

A++x
+

= (y+ − a+

A++y
+) + a+

A++ (A
+y+ −Ay
a

)

= y+ + a+

A++ (A
+

a
− 1) (y+ − y)

= y+ + [(t − 1)/t+](y+ − y).

Lemma 1.22. We have (t+)2 − t+ − t2 = 0 in which

t+ = 1 +
√

1 + 4t2

2
.

1.8 Nesterov’s Smooth Approximation Scheme

Consider the problem
ϕ∗ = min{ϕ(x) = f(x) + h(x) ∶ x ∈ Rn}.

We previously showed that Nesterov’s method has the invariant

Ak [ϕ(yk) − ϕ(u)] +
τk
2
∥u − xk∥2 ≤ A [ϕ(y0) − ϕ(u)] +

τ

2
∥u − x0∥2

25



Winter 2019 1 CONVEX OPTIMIZATION

where τk = τ0 + µAk and f is assumed to be µ-strongly convex.

Corollary 1.6. For all u ∈ domh we have

ϕ(yk) − ϕ(u) ≤
1

Ak
∥x0 − u∥2, Ak ≥

k2

4L

and also
∥xk − u∥ ≤ ∥x0 − u∥ if ϕ(u) ≤ ϕ(yk).

Now consider the problem

(P ) ϕ∗ = min{ϕ(x) = f(x) + h(x) + θ(x) ∶ x ∈ Rn}

where:
(1) h ∈ Conv(Rn) (easy one)
(2) f ∶ Rn ↦ R is convex, di�erentiable, and ∇f is L-Lipschitz everywhere
(3) θ ∶ Rn ↦ R is convex(but not easy), , not necessarily di�erentiable, which is “smoothable”
(4) set of optimal solutions is nonempty.

De�nition 1.1. θ is (C1,C2)-smoothable if for all µ > 0 there exists θµ ∶ Rn ↦ R convex di�erentiable such that

θµ ≤ θ ≤ θµ +C2µ, ∇θµ is
C1

µ
-Lipschitz.

For some µ > 0, we wish to solve the problem

(Pµ) ϕµ,∗ = min {ϕµ(x) ∶ x ∈ Rn}

where
ϕµ(x) = f(x) + h(x) + θµ(x) = [f + θµ

²
=∶fµ

](x) + h(x).

Observe that fµ is convex, di�erentiable, and ∇fµ is (L +C1/µ)-Lipschitz. Apply FISTA to solve (Pµ):
(0) Let x0 ∈ domh,µ > 0, where θµ is (C1,C2)-smoothable;
(1) set y0 = x̃0, t0 = 1;
(2) for k = 0,1,2, ...

yk+1 = argmin{`fµ(x; x̃k) + h(x) +L∥x − x̃k∥2/2}

tk+1 = (1 +
√

1 + 4t2k)/2
x̃k+1 = yk+1 + (tk − 1)(yk+1 − yk)/tk+1

Proposition 1.12. If µ = ε/(2C2) then the above FISTA approach �nds yk such that

ϕ(yk) − ϕ∗ ≤ ε

in at most

O
⎛
⎝
d0

⎡⎢⎢⎢⎢⎣

√
L

ε
+

√
C1C2

ε

⎤⎥⎥⎥⎥⎦

⎞
⎠
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iterations.

Proof. We have ϕµ ≤ ϕ ≤ ϕµ +C2µ. Hence, if x∗ ∈X∗ is such that d0 = ∥x0 − x∗∥ then

ϕ(yk) − ϕ∗ = ϕ(yk) − ϕ(x∗)
= ϕ(yk) − ϕµ(yk) + ϕµ(yk) − ϕµ(x∗) + ϕµ(x∗) − ϕ(x∗)
≤ C2µ + ϕµ(yk) − ϕµ(x∗) + 0

= ε
2
+

2Lµ
k2

d2
0 =

ε

2
+ 2(L + C1

µ
) d

2
0

k2
.

We need the last term to be less than ε. �is is equivalent to requiring

k2 ≥ 4
d2

0

ε
(L + 2C1C2

2
) ⇐⇒ k ∼ O

⎛
⎝
d0

⎡⎢⎢⎢⎢⎣

√
L

ε
+

√
C1C2

ε

⎤⎥⎥⎥⎥⎦

⎞
⎠
.

Examples

Consider the function
θ(x) = max

y∈Rm
⟨Ax, y⟩ − g(y) = g∗(Ax)

where g ∈ Conv(Rn) and dom g is bounded. It is known that θ ∶ Rn ↦ R is convex.

Proposition 1.13. Assume g̃ ∈ Conv Rm is µ-strongly convex. �en,

θ̃(z) = (g̃)∗(z) = sup
y

⟨z, y⟩ − g̃(y)

has a unique maximizer y(z), is convex, �nite everywhere, di�erentiable, and its gradient is

∇θ̃(z) = y(z).

Moreover, ∇θ̃ is (1/µ)-Lipschitz.

Following the above proposition, consider the function

θ̃µ(x) = max
y∈Rm

⟨x, y⟩ − g(y) − µ
2
∥y − y0∥2

which is (1/µ)-Lipschitz. Take θµ(x) = θ̃µ(x) and remark that θ is now (C1,C2) smoothable with C1 = ∥A∥2 and

C2 = max{∥y − y0∥2 ∶ y ∈ dom g}.

2 Nonconvex Optimization

Consider the problem
φ∗ = min

z∈Rn
[φ(z) = f(z) + h(z)]

where
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• h ∈ Conv(Rn) such that domh is bounded;

• f is di�erentiable on a a compact convex set Ω ⊇ domh and ∃L > 0 such that

∥∇f(z̄) −∇f(z)∥ ≤ L∥z̄ − z∥, ∀z, z̄ ∈ Ω,

−m
2
∥z̃ − z∥2 ≤ f(z̃) − `f(z̃; z) ≤ M

2
∥z̃ − z∥2, ∀z, z̃ ∈ Ω;

• f is nonconvex.

PGM

Given x ∈ domh, compute

x+ = argmin `f(u;x) + 1

2λ
∥u − x∥2 + h(u).

Optimality Condition

�is is
0 ∈ ∇f(x) + ∂h(x+) + 1

λ
(x+ − x)

or equivalently, for v+ = ∇f(x+) −∇f(x) + (x − x+)/λ, we have

v+ ∈ ∇f(x+) + ∂h(x+), ∥v+∥ ≤ (L + 1

λ
) ∥x+ − x∥.

Now, for all u ∈ Rn:

`f(u;x) + 1

2λ
∥u − x∥2 − 1

2λ
∥u − x+∥2

≥ `f(x+;x) + 1

2λ
∥x+ − x∥2

≥ f(x+) − M
2

∥x+ − x∥2 + 1

2λ
∥x+ − x∥2.

Taking u = x, we have
f(x) − f(x+) ≥ (1

λ
− M

2
) ∥x+ − x∥2.

Assume λ > 0 satisfying
1

λ
> M

2
or λ < 2

M
.

In terms of the previous inequality, we will have

f(x0) − f(xk) ≥ (1

λ
− M

2
)kmin

i≤k
∥xi−1 − xi∥2 ≥ (1

λ
− M

2
)k (L + 1

λ
)
−2

min
i≤k

∥vi∥2.

�us,

min
i≤k

∥vi∥2 ≤ (L + 1

λ
)

2

( 2λ

2 − λM
)(f(x0) − f∗

k
) .

It is possible to get a bound

min
i≤k

∥vi∥2 ≤ O (mMD2

k
+ M

2d2
0

k2
) .
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2.1 George Lan’s Method

�e accelerated method

(0) AssumeM satis�es
−m

2
∥z̃ − z∥2 ≤ f(z̃) − `f(z̃; z) ≤ M

2
∥z̃ − z∥2, ∀z, z̃ ∈ Ω,

and is known; set λ ∈ (0,1/M). Let ρ̂ > 0, y0 ∈ domh be given. Set A0 = 0, k = 0, x0 = y0.

(1) Compute

ak =
1 +

√
1 + 4Ak
2

, Ak+1 = Ak + ak, x̃k =
Akyk + akxk

Ak+1

.

(2) Compute

yk+1 = argminu {`f(u; x̃k) + h(u) +
1

2λ
∥u − x̃k∥2} ,

xk+1 = PΩ (xk − ak(x̃k − yk+1)) .

(3) Set
vk+1 =

1

λ
(x̃k − yk+1) +∇f(yk+1) −∇f(x̃k).

If ∥vk+1∥ ≤ ρ̂ then stop; else set k ←[ k + 1 and go to (1).

Obs

One can show that:

• a2
k = Ak+1 for all k ≥ 0

• vk+1 ∈ ∇f(yk+1) + ∂h(yk+1) with
∥vk+1∥ ≤ (L + 1

λ
) ∥yk+1 − x̃k∥

Lemma 2.1. Let

γ̃k(u) = `f(u; x̃k) + h(u),

γk(u) = γ̃k(yk+1) +
1

λ
⟨x̃k − yk+1, u − yk+1⟩ .

�en,

(1) γk(yk+1) = γ̃k(yk+1), γk ≤ γ̃k and

yk+1 = argmin{γ̃k(u) +
1

2λ
∥u − x̃k∥2} = argmin{γk(u) +

1

2λ
∥u − x̃k∥2} ;

(2) γ̃k(u) − φ(u) ≤ m
2 ∥u − x̃k∥2;

(3) xk+1 = argminu∈Ω {akγk(u) + 1
2λ∥u − xk∥2} .

Notation: Let us denote A+ = Ak+1,A = Ak, a = ak, y+ = yk+1, ..., γ = γk, γ̃ = γ̃k.
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Lemma 2.2. For every u ∈ Ω:

A+φ(y+) + 1

2λ
∥u − x+∥2 + (1 − λM

2λ
)A+∥y+ − x̃∥2

≤ [Aγ(y) + aγ(u)] + 1

2λ
∥u − x∥2.

Proof. Have

φ(y+) ≤ γ̃(y+) + M
2

∥y+ − x̃∥2

and hence we have

A+φ(y+) + (1 − λM
2λ

)A+∥y+ − x̃∥2

≤ A+γ̃(y+) + A
+M

2
∥y+ − x̃∥2 + (1 − λM

2λ
)A+∥y+ − x̃∥2

= A+ [γ̃(y+) + 1

2λ
∥y+ − x̃∥2]

≤ A+ [γ (Ay + ax
+

A+ ) + 1

2λ
∥Ay + ax

+

A+ − Ay + ax
A+ ∥

2

]

= Aγ(y) + aγ(x+) + 1

2λ
⋅ a

2

A+ ∥x
+ − x∥2

= Aγ(y) + aγ(x+) + 1

2λ
∥x+ − x∥2

≤ Aγ(y) + aγ(u) + 1

2λ
∥u − x∥2 − 1

2λ
∥u − x+∥2

where the last inequality is by the optimality of x+.

Lemma 2.3. For all u ∈ Ω we have

(1 − λM
2λ

)A+∥y+ − x̃∥2 ≤ m
2

[A∥y − x̃∥2 + a∥u − x̃∥2] + (η − η+)

where
η = η(u) = A [φ(y) − φ(u)] + 1

2λ
∥u − x∥2.

Proof. By a previous result,

η+(u) + (1 − λM
2λ

)A+∥y+ − x̃∥2

≤ A [γ(y) − φ(y)] +A [φ(y) − φ(u)] + a [γ(u) − φ(u)] + 1

2λ
∥u − x∥2

≤ m
2

[A∥y − x̃∥2 + a∥u − x̃∥2] + η(u).
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Lemma 2.4. For any u ∈ domh,

A∥y − x̃∥2 + a∥u − x̃∥2 ≤ 2∥u − x∥2 + 2(1 + a)D2
h

≤ 2 (D2
Ω + (1 + a)D2

h) .

Proof. We have

A∥y − x̃∥2 + a∥u − x̃∥2

= A∥y − Ay + ax
A+ ∥

2

+ a∥ A
A+ (u − y) +

a

A+ (u − x)∥
2

= Aa
2

A+ ∥y − x∥2 + 2a( A2

(A+)2
∥u − y∥2 + A2

(A+)2
∥u − x∥2)

≤ 2A

A+ (∥y − x∥2 + ∥u − x∥2) + 2a∥u − y∥2 + 2a

A+ ∥u − x∥
2

= 2∥u − x∥2 + 2(1 + a)∥u − y∥2.

Lemma 2.5. For all u ∈ domh we have

(1 − λM
2λ

)
k

∑
i=0

Ai∥yi+1 − x̃i∥2 ≤ η0(u) − ηk+1 +
m

2
[2(k + 1)(D2

Ω +Dh)2 + 2D2
h

k

∑
i=0

ai] .

Proposition 2.1. For all k ≥ 0 we have

1

λ2
min
i≤k

∥yi+1 − x̃i∥2

≤ 2λ

(1 − λM)∑ki=0Ai
[ d

2
0

2λ
+m(k + 1) (D2

Ω +D2
h) +mD2

h

k

∑
i=0

ai]

∼ O ( d2
0

λ2k3
+
mD2

Ω

λk2
+
mD2

h

k
) ;

and, furthermore,

∥vi∥2 ≤ (1

λ
+M)

2

∥yi+1 − x̃i∥2 = (1 + λM)2 [ 1

λ2
∥yi+1 − x̃i∥2] .

2.2 Inexact Proximal Point Method

Consider the problem

(∗) φ∗ = inf Φ(x) ∶= f(x) + h(x)
s.t. x ∈ Rn

where

• h ∈ Conv(Rn)
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• f is di�erentiable on domh and ∃m,M > 0 such that

m

2
∥u − x∥2 ≤ f(u) − `f(u;x) ≤ M

2
∥u − x∥2

• Φ∗ > −∞

• 0 <m≪M

Obs. If domh is bounded, then Nesterov’s ACG solves (∗) in

O (MmD2

ρ̄2
)

iterations to obtain (z, v) ∈ domh ×Rn such that

v ∈ ∇f(z) + ∂h(z), ∥v∥ ≤ ρ

whereD = diam(domh).

Inexact Proximal Point (IPP) Framework

Input: σ ∈ (0,1), z0 ∈ domh

Steps:

(0) Set k = 1

(1) Compute (λk, zk, ṽk, ε̃k) such that

ṽk ∈ ∂ε̃k (λkφ +
1

2
∥ ⋅ −zk−1∥2) (zk),

∥ṽk∥2 + 2ε̃k ≤ σ∥zk−1 − zk + ṽk∥2.

(2) set k ←[ k + 1 and go to (1)

Analysis

Consider the iterates
zk = argminu {φ̃k(u) ∶= λkφ(u) +

1

2
∥u − zk−1∥2}

where the objective function has curvature pair (1−λkm,1+λkM). So if λk ≤ 1/m then φ̃k is convex and λk < 1/m
implies it is strongly convex.

Approximate Solutions

(a) for ρ̂ > 0, a pair (ẑ, v̂) ∈ domh ×Rn is a ρ̂-solution if

v̂ ∈ ∇f(ẑ) + ∂h(ẑ), ∥v̂∥ ≤ ρ̂

(b) for (ρ̄, ε̄), a quintuple (λ, z0, z, v, ε) is a (ρ̄, ε̄)-prox solution if

v ∈ ∂ε (φ +
1

2λ
∥ ⋅ −z0∥2) (z), ∥(z − z0)/λ + v∥ ≤ ρ̄, ε ≤ ε̄.
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Proposition 2.2. A (ρ̄, ε̄)-prox solution yields a ρ-solution where

ρ = 2 [ρ̄ +
√

2ε̄(M + λ−1)] .

Remark. Set ρ̄ = ρ̂/4 and ε̄ = ρ̂2/(32[M + λ−1]). �en ρ = ρ̂.
Note in the IPP framework that if (vk, εk) = (ṽk, ε̃k)/λk then

vk ∈ ∂εk (φ +
1

2λk
∥ ⋅ −zk−1∥2) (zk),

∥ṽk∥2 + 2
εk
λk

≤ σθk,

where
θk ∶= ∥zk−1 − zk

λk
+ vk∥

2

.

�e above implies
εk ∼ O (σλkθ2

k) , ∥vk∥2 ∼ O (σθ2
k)

Lemma 2.6. For all k ≥ 1,

λkθ
2
k ≤

2 [φ(zk−1) − φ(zk)]
1 − σ

.

Proof. From the inclusion, we have

λkφ(z) ≥
1

2
∥z − zk−1∥2 ≥ λkφ(zk−1) +

1

2
∥zk − zk−1∥2 + ⟨ṽk, z − zk⟩ − ε̃k,

for all z. In particular, using z = zk−1 yields

λk [φ(zk−1) − φ(zk)] ≥ (∥zk − zk−1∥2 + 2 ⟨ṽk, zk−1 − zk⟩ − 2ε̃k)

= 1

2
[∥zk−1 − zk + ṽk∥2 − ∥ṽk∥2 − 2ε̃k]

≥ 1 − σ
2

∥zk−1 − zk + ṽk∥2 = 1 − σ
2

λ2
kθ

2
k.

Lemma 2.7. For every k ≥ 1 we have

min
i≤k

θ2
i ≤

2 [φ(z0) − φ∗]
(1 − σ)Λk

, Λk =
k

∑
i=1

λi.

Proof. By the previous lemma,

(min
i≤k

θ2
i )Λk ≤∑

i≤k
λiθ

2
i ≤

2 [φ(z0) − φ∗]
1 − σ

.

Proposition 2.3. (Re�ned IPP bound) For every k ≥ 1 we have

min
i≤j

θ2
i ≤

2R(φ;λ1)
(1 − σ)2λ1(Λk − λ1)
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where
R(φ;λ1) = inf

u
{λ(1 − σ) [φ(u) − φ∗] +

1

2
∥z0 − u∥2} .

In particular,

min
i≤k

θ2
i ≤

min{2 [φ(z0) − φ∗] , d20
(1−σ)λ}

λ(1 − σ)(k − 1)
.

Want: θ2
k ≤ ρ̄2 = O(ρ̂2) and

εk ≤ O ( ρ̂2

M + λ−1
) ⇐Ô σλkθ

2
k ≤

ρ̂

M + λ−1
⇐⇒ θ2

k ≤ O ( ρ2

σ(λM + 1)
)

and so we can choose σ = 1/(λM + 1).

Outer Iteration Complexity

Some algebra gives an outer complexity of

O (R(φ;λ)
λ2ρ̂2

) .

Now consider the composite set-up φ = f + h and de�ne

φs = λf +
1

2
∥ ⋅ −zk−1∥2, φ = λh

Proposition 2.4. �e ACG method, started from z0, obtains (z, ṽ, ε̃) such that

ṽ ∈ ∂ε̃(ψs + ψn)(z)
∥ṽ∥2 + 2ε̃ ≤ σ∥z0 − z + ṽ∥2

in at most O(
√
L/σ) or O (

√
L/µ ⋅ log(L/σ)) iterations.

In particular, we are interested in the setup

λ = 1

2m
, µ = 1 − λm = 1

2
, L = 1 + λM ∼ O (M

m
) .

3 Block Decomposition Methods

Consider the problem

min ϕ(x) = ϕ(x1, ..., xp) = f(x1, ..., xb) +
b

∑
i=1

hi(xi)

s.t x ∈ Rni

where

• f is convex and di�erentiable everywhere on Rn1×...×nb
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• hi ∈ Conv Rni

• ϕ∗ is achieved

• ∃Li > 0 such that
f(x +Ui(di)) − f(x) ≤ ∇if(x)Tdi +

Li
2
∥di∥2, di ∈ Rni

where Ui(di) = (0, ...., di, ...,0)

Method
Let x0 = (x0

1, ..., x
0
b) ∈ domh.

For k = 0,1, ...

choose ik ∈ {1, ..., b} randomly
set xk+1 = xk +Uik(x̂ki − xki ) where

x̂ki = argminx {⟨∇if(x), ui − xi⟩ + hi(ui)} +
Li
2
∥ui − xki ∥2.

�eorem 3.1. If selection is uniform, then for all k ≥ 0 we have

E [ϕ(xk) − ϕ∗] ≤
1

b + k
(b [ϕ(x0) − ϕ∗] +

1

2
d2

0)

where

d2
0 = min{∥x0 − x∗∥2

Lb ∶ x∗ ∈X∗} ,

∥y∥2
η =

b

∑
i=1

ηi∥yi∥2

for η = (η1, ..., ηb), y = (y1, ..., yb), and Lb = L ○ b.

Lemma 3.1. For all k ≥ 0 and i = 1, ..., b we have

⟨∇if(xki ), ui − xki ⟩ + hi(ui) +
Li
2
∥ui − xki ∥2

≥ ⟨∇if(xki ), x̂ki − xki ⟩ + hi(x̂ki ) +
Li
2
∥x̂ki − xki ∥2 + Li

2
∥ui − x̂ki ∥2.

Lemma 3.2. For all k ≥ 0 and i = 1, ..., b we have

−Li
2
∥x̂ki − xki ∥2 ≥ ⟨∇if(xki ), x̂ki − xki ⟩ + hi(x̂ki ) − hi(xki ) +

Li
2
∥x̂ki − xki ∥2

≥ ϕ (xk[i]) − ϕ(xk).

Proof. �e �rst inequality follows from the previous lemma with ui = xki . �e second one follows from the fact
that

ϕ(x[i]) − ϕ(x) = [f(x[i]) − f(x)] + [h(x[i]) − h(x)]

≤ hi(x+i ) − hi(xi) +∇if(x)T (x̂i − xi) +
Li
2
∥x̂i − xi∥2.
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Lemma 3.3. For all k ≥ 0 and i = 1, ..., b we have

Li
2

(∥xki − x∗i ∥2 − ∥x̂i − x∗i ∥2)

≥ ⟨∇if(xk), xki − x∗i ⟩ + hi(xki ) − hi(x∗i ) + ϕ(xk[i]) − ϕ(xk)

Proof. By Lemma 3.1 with ui = x∗i we have

⟨∇if(xki ), x∗i − xki ⟩ + hi(x∗i ) +
Li
2
∥x∗i − xki ∥2

≥ ⟨∇if(xki ), x̂ki − xki ⟩ + hi(x̂ki ) +
Li
2
∥x̂ki − xki ∥2 + Li

2
∥x∗i − x̂ki ∥2,

and so

Li
2

(∥x∗i − xki ∥2 − ∥x∗i − x̂ki ∥2)

≥ ⟨∇if(xki ), xki − x∗i ⟩ + hi(xki ) − hi(x∗i )+

⟨∇if(xki ), x̂ki − xki ⟩ + hi(x̂ki ) − hi(xki ) +
Li
2
∥x̂ki − xki ∥2

≥ ⟨∇if(xki ), xki − x∗i ⟩ + hi(xki ) − hi(x∗i ) + [ϕ(xk[i]) − ϕ(xk)] .

Lemma 3.4. For all k ≥ 0 we have

1

2
(∥x∗ − xk∥2

L − ∥x∗ − x̂k∥2
L)

≥ f(xk) − `f(x∗;xk) + h(xk) − h(x∗) +
b

∑
i=1

[ϕ(xk[i]) − ϕ(xk)]

≥ ϕ(xk) − ϕ(x∗) +
b

∑
i=1

[ϕ(xk[i]) − ϕ(xk)] .

Lemma 3.5. For all k ≥ 0, probability vector p = (p1, ..., pb) used to sample the block, and η = (η1, ..., ηb) ∈ Rb
++:

Exk (∥xk+1 − x∗∥2
η − ∥xk − x∗∥2

η) = ∥x̂k − x∗∥2
pη − ∥xk − x∗∥2

pη.

Proof. We have

Exk (∥xk+1 − x∗∥2
η) − ∥xk − x∗∥2

=
b

∑
i=1

pi (∥xk − x∗ +Ui(x̂i − xki )∥2
η − ∥xk − x∗∥2

η)

=
b

∑
i=1

piηi (∥x̂ki − x∗i ∥2 − ∥xki − x∗i ∥2)

= ∥x̂k − x∗∥2
pη − ∥xk − x∗∥2

pη.
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Lemma 3.6. For η = L/p we have

Exk (∥xk − x∗∥2 − ∥xk+1 − x∗∥2)

≥ ϕ(xk) − ϕ∗ +
b

∑
i=1

[ϕ(xk[i]) − ϕ(xk)]

Lemma 3.7. De�ne

d2
k = min{E (∥xk − x∗∥2) ∶ x∗ ∈X∗} ,
θk = E (ϕ(xk) − ϕ∗) .

For k ≥ 0 we have

1

2
(d2

k − d2
k+1) ≥ θk +

1

pmin

[E (ϕ(xk+1) − ϕ(xk))] ,

= θk +
1

pmin

[θk+1 − θk] .

Proof. We have

Exk [ϕ(xk+1) − ϕ(xk+1)] ≤ 1

pmin

b

∑
i=1

[ϕ(xk[i]) − ϕ(xk)]

and so
θk ≤ b [θk − θk+1] +

1

2
(d2

k − d2
k+1)

from which we conclude

kθk ≤
k−1

∑
`=0

θ` ≤ b[θ0 − θk] +
1

2
(d2

0 − d2
k) .

Hence, we have

b

∑
i=1

1

pi
pi [ϕ(xk[i]) − ϕ(xk)] ≥

b

∑
i=1

1

pmin

pi [ϕ(xk[i]) − ϕ(xk)] =
1

pmin

E [ϕ(xk[i]) − ϕ(xk)]

and the complexity

θk ≤ ( θ0

pmin

+ 1

2
d2

0) /(k + 1

pmin

) .

3.1 Accelerated Methods

Randomized BC-ACG

Consider the problem

φ∗ ∶= min φ(x) = f(x) + h(x)
s.t. x = (x1, ..., xb) ∈ Rn1 × ... ×Rnb = Rn

where
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• h(x) = ∑bi=1 hi(xi) and hi ∈ Conv(Rn)

• f ∶ Rn ↦ R di�erentiable, convex, and for every i = 1, ..., b there exists Li > 0 such that

f(x +Uidi) ≤ f(x) + ⟨∇if(x), di⟩ +
Li
2
∥di∥2

• φ∗ ∈ R and is achieved

�e method

(0) Given x0 = (x0
1, ..., x

0
b) ∈ domh, set k = 0, y0 = x0,A0 = 0

(1) Choose ik ∈ {1, ..., b} randomly. Compute ak by solving

a2
k

Ak + ak
= 1

b2
,

set
Ak+1 = Ak + ak, x̃k = Aky

k + akxk
Ak+1

,

compute

xk+1 = xk[ik], yk+1 = x̃k +
1

bak
(xk+1 − xk) = x̃k +

bak
Ak+1

(xk+1 − xk)

where

xk[i] = xk +Ui(x̂ki − xki ),

x̂ki = argminu (ak [⟨∇if(x̃ki ), u − x̃ki ⟩ + hi(u)] +
Li
2b

∥u − xki ∥2) .

Lemma 3.8. We have
x̂ = argminu (a [`f(u; x̃) + h(u)] + 1

2b
∥u − x∥2

L) .

Proof. Obvious.

Lemma 3.9. Let
γ(u) ∶= 1

ba
⟨x − x̂, u − x̂⟩ + `f(x̂; x̃) + h(x̂).

�en, we have:

(i) γ is a�ne;

(ii) γ ≤ `f(⋅; x̃) + h(⋅) ≤ φ;

(iii) x̂ = argmin (aγ(u) + 1
2b∥u − x∥2).

Lemma 3.10. We have, for all u ∈ Rn,

aγ(x̂) + 1

2b
∥x̂ − x∥2

L ≤ aγ(u) +
1

2b
∥u − x∥2

L −
1

2b
∥u − x∥2

L.

Proof. Exercise.
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Lemma 3.11. De�ne, for i = 1, ..., b,

y[i] = x̃ + 1

ba
(x[i] − x) = x̃ + ba

A+ (x[i] − x) .

For all i = 1, ..., b we have

y[i] = A

A+y +
a

A+xb[i]

where
xb[i] = x + bUi(x̂i − xi) = x + b (x[i] − x) .

Proof. We have

y[i] = x̃ + ba

A+ (x[i] − x)

= Ay + ax
A+ + ba

A+ (x[i] − x)

= A

A+ +
a

A+

⎛
⎜⎜
⎝
x + b (x[i] − x)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

xb[i]

⎞
⎟⎟
⎠
.

Lemma 3.12. We have 1
b ∑

b
i=1 xb[i] = x̂.

Proof. We have
xb[i] = x + b (x[i] − x) = x + bUi (x̂i − xi)

and hence
1

b

b

∑
i=1

xb[i] = x +
1

b
[b(x̂ − x)] = x̂.

Lemma 3.13. If y[i] ∈ domh then

A+φ(y[i]) ≤ Aφ(y) + aγ̃(x[i]) + Li
2
∥x[i] − x∥2

where γ̃(u) = `f(u; x̃) + h(u).

Proof. We have

φ(y[i]) ≤ `f(x[i]; x̃) + h(x[i]) +
Li
2
∥x[i] − x̃∥2 = γ̃(x[i]) + Li

2
∥x[i] − x̃∥2.
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So,

A+φ(y[i]) ≤ A+ [γ̃(x[i]) + Li
2
∥x[i] − x̃∥2]

= A+ [γ̃ ( A
A+y +

a

A+xb[i]) +
Lib2a2

2(A+)2
∥x[i] − x̃∥2]

≤ Aγ̃(y) + aγ̃(xb[i]) +
Li
2
∥x[i] − x̃∥2

≤ Aφ(y) + aγ̃(xb[i]) +
Li
2
∥x[i] − x̃∥2

Lemma 3.14. We have

A+ (1

b

b

∑
i=1

φ(y[i])) ≤ Aφ(y) + a(1

b

b

∑
i=1

γ̃ (xb[i])) +
1

2b
∥x̂ − x∥2

L.

Lemma 3.15. If h is an indicator function, we have

A+E(x,y)φ(y+) ≤ Aφ(y) + aγ̃(x̂) +
1

2b
∥x̂ − x∥2

L

≤ Aφ(y) + aγ̃(u) + 1

2b
∥u − x∥2

L −
1

2b
∥u − x̂∥2

L

≤ Aφ(y) + aφ(u) + 1

2b
∥u − x∥2

L −
1

2b
∥u − x̂∥2

L.

Lemma 3.16. For all u ∈ Rn we have

Ex (∥x − u∥2
η − ∥x+ − u∥2

η) = ∥x − u∥2
ηp − ∥x̂ − u∥2

ηp.

Lemma 3.17. Let η = L/p. �en, for all u ∈ Rn,

A+E [φ(y+) − φ(u)] + 1

2b
∥u − x+∥2

η ≤ AE [φ(y) − φ(u)] + 1

2b
∥u − x∥2

η.

Proposition 3.1. Let η = L/p. �en for all k ≥ 0 we have

AkE [φ(yk) − φ∗] +
1

2b
∥x∗ − xk∥2

η ≤ A0 [φ(y0) − φ∗] +
1

2b
∥x∗ − x0∥2

η.

For p = 1/b and η = bL we have

E [φ(yk) − φ∗] ≤
1

2bAk
∥x∗ − x0∥2

bL =
1

2bAk

b

∑
i=1

(bLi)∥x∗i − x0
i ∥2.

Since Ak ≥ k2/(4b2) we have

E [φ(yk) − φ∗] ≤
2b2

k2

b

∑
i=1

∥x∗i − x0
i ∥2 ≤ 2b2Lmax

k2
∥x0 − x∗∥2.
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Recursive Method

(0) Given x ∈ domh, set y = x and A > 0 (to be determined later)

(1) Choose i ∈ {1, ..., b} randomly. Compute a by solving

a2

A + a
= 1

b2
,

set
A+ = A + a, x̃ = Ay + ax

A+ ,

compute

x+ = x[i], y+ = x̃ + 1

ba
(x[i] − x) = x̃k +

ba

A+ (x[i] − x)

where

x[i] = x +Ui(x̂i − xi),

x̂i = argminu (a [⟨∇if(x̃i), u − x̃i⟩ + hi(u)] +
Li
2b

∥u − xi∥2) ,

y[i] = x̃ + 1

ba
(x[i] − x) = x̃ + ba

A+ (x[i] − x) .

Obs: We have the relationships / de�nitions:

y[i] = A

A+y +
a

A+xb[i],

xb[i] ∶= x + b (x[i] − x) ,

y+ = Ay
A+ +

a

A+ [x + b(x+ − x)] ,

A+y+ −Ay = bax+ − (b − 1)ax.

Summing up the last relationship, we have

Akyk −A0y0 =
k−1

∑
`=0

[ba`x`+1 − (b − 1)a`x`]

= bak−1xk − (b − 1)a0x0 +
k−1

∑
`=1

[ba`−1 − (b − 1)a`]x0.

Choose A0 ≥ (b − 1)a0, and so

Akyk = bak−1xk +
k−1

∑
`=1

[ba`−1 − (b − 1)a`]x`.

Lemma 3.18. For all ` we have ba`−1 − (b − 1)a` ≥ 0.

Proof. Want to show:
ba− − (b − 1)a ≥ 0.
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We have
ba− = A

a−b
, a = A+

b2a
,

so that if we choose a ≥ a0 ≥ 1/b we have

ba− − (b − 1)a = A

a−b
− (b − 1)A+

b2a

≥ 1

a
[A
b
− (b − a)A+

b2
]

= 1

ab2
[Ab − (b − 1)(A + a)]

= 1

ab2
[A − (b − 1)a]

= 1

ab2
[A+ − ba]

= 1

b2
[A

+

a
− b]

= 1

b2
[b2a − b]

= 1

b
[ba − 1] ≥ 0.

Def : �e sequence {ĥ(yk)}k≥0 is de�ned by

ĥ(y0) = h(y0) = h(x0),

ĥ(y`+1) =
A`
A`+1

ĥ(y`) +
a`
A`+1

[h(x`) + b [h(x`+1) − h(x`)]] ,

ĥ(yk[i]) =
Ak
Ak+1

ĥ(yk) +
ak
Ak+1

[h(xk) + b [h(xk[i]) − h(xk)]] .

Lemma 3.19. �e following hold:

(1) for every ` ≥ 0 we have ĥ(y`+1) ≥ h(y`+1);

(2) ĥ(yk[i]) ≥ h(yk[i]).

Proof. It is possible to show that

Akĥ(yk)

≥ bakh(xk) +
k−1

∑
`=1

[ba`−1 − (b − 1)a`]h(x`) + (A0 − (b − 1)a0)

≥ Akh(yk).
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De�ne φ̂(y`) = f(y`) + ĥ(y`) and remark that

A+φ̂(y[i])
≤ A+ (f(y[i]) + ĥ(y[i]))

≤ A+ (`f(y[i];x) + ĥ(y[i]) +
Li
2
∥y[i] − x̃∥2)

= A+ [`f (
A

A+y +
a

A+xb[i]; x̃) +
Lib2a

2(A+)2
∥x[i] − x∥2+

A

A+ ĥ(y) +
a

A
[h(x) + b (h(x[i]) − h(x))]]

= A`f(y; x̃) +Aĥ(y) + a`f(xb[i]; x̃) +
Li
2
∥x[i] − x∥2 + a [h(x) + b (h(x[i] − h(x))]

= Aφ̂(y) + a`f(xb[i]; x̃) +
Li
2
∥x[i] − x∥2 + a [h(x) + b (h(x[i] − h(x))] .

Multiply by (1/b) and sum to get

A+E(x,y) [φ̂(y+)]

≤ Aφ̂(y) + ah(x̂) + a [`f(x̂; x̃) + 1

2b
∥x̂ − x∥2

L]

≤ Aφ̂(y) + a [`f(x̂; x̃) + h(u)] + 1

2b
∥u − x∥2

L −
1

2b
∥u − x̂∥2

L

≤ Aφ̂(y) + aφ(u) + 1

2b
∥u − x∥2

L −
1

2b
∥u − x̂∥2

L.

We are using the fact that

1

b

`

∑
i=1

[h(x) + b (h(x[i]) − h(x))] = [
`

∑
i=1

h(x[i])] − (b − 1)h(x)

= h(x̂) + (b − 1)h(x) − (b − 1)h(x).

To conclude, we have

A+E [φ̂(yk+1) − φ∗] +E ( 1

2b
∥x∗ − xk+1∥2

η) ≤ AkE [φ̂(yk) − φ∗] +Eη (
1

2b
∥x∗ − xk∥2

η)

and hence

E [φ(yk) − φ∗] ≤
A0 [φ(y0) − φ∗] + ∥x0 − x∗∥2

bL

Ak

≤
A0 [φ(y0) − φ∗] + b2 max{Li}∥x0 − x∗∥2

bL

k2

43



Winter 2019 4 MONOTONE INCLUSION PROBLEMS

4 Monotone Inclusion Problems

Consider a point-to-set map T ∶ Rn ⇉ Rn and de�ne

grT = {(x, v) ∶ v ∈ T (x)} .

De�nition 4.1. T is monotone if

⎧⎪⎪⎨⎪⎪⎩

(x, v) ∈ grT

(x̃, ṽ) ∈ grT
Ô⇒ ⟨x̃ − x, ṽ − v⟩ ≥ 0.

De�nition 4.2. T is maximal monotone if T is monotone and

T̃ monotone
gr T̃ ⊇ grT

Ô⇒ T = T̃ (grT = gr T̃ )

Example 4.1. (1) Given f ∈ Conv(Rn) and the optimization problem

(∗) min{f(z) ∶ z ∈ Rn},

we have T = ∂f is maximal monotone. Also, z̄ is an optimal solution of (∗) ⇐⇒ 0 ∈ ∂f(z̄).

(2) 0 ≠ C ⊆ Rn closed convex. �enNC(⋅) = ∂δC is maximal monotone where

NC(z) = {n ∶ ⟨n, z̃ − z⟩ ≤ 0,∀z̃ ∈ C} .

(3) C ⊆ Rn,D ⊆ Rm nonempty convex sets. �e functionsK ∶ C ×D ↦ R is closed convex-concave if ∀(x, y) ∈
C ×D we have

K(⋅, y) ∈ Conv (C), −K(x, ⋅) ∈ Conv (D),

or equivalently
K(⋅, y) −K(x, ⋅) ∈ Conv (C ×D).

Proposition 4.1. De�ne T ∶ Rn ×Rm ⇉ Rn ×Rm as

T (x, y) =
⎧⎪⎪⎨⎪⎪⎩

∂xK(x, y) × ∂y(−K)(x, y), if (x, y) ∈ C ×D
∅, otherwise.

where
∂ [K(⋅, y)] (x) = ∂xK(x, y), ∂ [K(x, ⋅)] (y) = ∂yK(x, y).

De�ne the (respective) primal and dual functions

inf
x∈C

sup
y∈D

K(x, y)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
p(x)

= inf
x∈C

p(x)→ X̄,

sup
y∈D

inf
x∈C

K(x, y)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

d(y)

= inf
y∈D

d(y)→ Ȳ .
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Proposition 4.2. �e following are equivalent:

(a) 0 ∈ T (x̄, ȳ),

(b) x̄ ∈ argminx∈CK(x, ȳ) and ȳ ∈ argmaxy∈DK(x̄, y),

(c)K(x̄, y) ≤K(x̄, ȳ) ≤K(x, ȳ) for all (x, y) ∈ C ×D,

(d) p(x̄) = d(ȳ),

(e) x̄ ∈ X̄, ȳ ∈ Ȳ , and p̄ = d̄.

Example 4.2. (4) Consider the optimization problem

min{f(x) ∶ g(x) ≤ 0, x ∈X}

which has the equivalent formulations

min
x∈X

max
y≥0

[f(x) + ⟨y, g(x)⟩] , max
y≥0

min
x∈X

[f(x) + ⟨y, g(x)⟩] .

Let C =X,D = Rm
+ , andK ∶X ×Rm

+ ↦ R given by

K(x, y) = f(x) + ⟨y, g(x)⟩ .

Now, if fi, gi ∈ Conv (X) thenK(⋅, y) ∈ Conv (X) andK(x, ⋅) ∈ Conv (Rm), and also

∂xK(x, y) = ∂f(x) +∑ yi∂gi(x) +NX(x),
∂y(−K)(x, y) = −g(x) +NRm

+
(y).

(5) Suppose ∅ ≠ C ⊆ Rn closed convex and F ∶ C ↦ Rn continuous monotone. �en F + NC ∶ Rn ⇉ Rn is
maximal monotone. We have

0 ∈ T (z̄) ⇐⇒ 0 ∈ F (z̄) +NC(z̄)
⇐⇒ −F (z̄) ∈ NC(z̄)
⇐⇒ ⟨−F (z̄), z − z̄⟩ ≤,∀z ∈ C.

If C = Rn
+, then it reduces to

F (x̄) ≥ 0, x̄ ≥ 0, ⟨x̄, F (x̄)⟩ = 0.

If C = Rn the it reduces to
F (x̄) = 0.

4.1 Proximal Point Method

Note that given T ∶ Rn ⇉ Rn maximal monotone, we have

0 ∈ T (z) ⇐⇒ 0 ∈ λT (z)
⇐⇒ z ∈ z + λT (z)
⇐⇒ z ∈ (I + λT )(z)
⇐⇒ z = (I + λT )−1(z)
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for λ > 0, where the existence of the inverse is due to Minty. Here, we are saying that if S = I + λT , then for
S ∶ Rn ⇉ Rn we have S−1 ∶ Rn ↦ Rn where

S−1(y) = {x ∶ y ∈ S(x)} ,

which follows from the following result.

Lemma 4.1. Assume that T is monotone, λ > 0, z1 ∈ (I + λT )(w1), and z2 ∈ (I + λT )(w2). �en,

⟨z1 − z2,w1 −w2⟩ ≥ ∥w1 −w2∥2.

As a consequence, ∀z ∈ Rn, there exists at most one w such that

(I + λT )(w) = z.

Proposition 4.3. (Minty) Assume T is monotone and λ > 0. �en, T is maximal monotone ⇐⇒ Range (I +λT ) =
Rn ⇐⇒ dom(I + λT )−1 = Rn.

Corollary 4.1. Under the above assumptions, F = (I + λT )−1 ∶ Rn ↦ Rn satis�es

⟨F (z) − F (z̃), z − z̃⟩ ≥ ∥F (z) − F (z̃)∥2

for every z, z̃. Observe that the above implies

∥F (z) − F (z̃)∥ ≤ ∥z − z̃∥.

Proximal Point Method (PPM)

Iterate zk+1 = F (zk) until convergence to z∗.

Lemma 4.2. For all k ≥ 0 we have
⟨zk+1 − z∗, zk − z∗⟩ ≥ ∥zk+1 − z∗∥2

or
⟨zk+1 − z∗, zk − zk+1⟩ ≥ 0.

Lemma 4.3. For all k ≥ 0 we have

∥zk − z∗∥2 ≥ ∥zk+1 − z∗∥2 + ∥zk+1 − zk∥2

and hence

∥z0 − z∗∥2 ≥ ∥zk+1 − z∗∥2 +
k

∑
i=0

∥zi+1 − zi∥2.

Proof. We �rst prove: (1) {zk} is bounded and ∥zk − z∗∥ is decreasing.

Assume zk
k∈K→ z̄. �en

0← ∥F (zk) − zk∥ = ∥zk+1 − zk∥
k∈K→ ∥F (z̄) − z̄∥ = 0

and so ∥zk − z̄∥ decreases to 0 along k ∈K . From a previous lemma,

min
i≤k

∥F (xi) − xi∥ = ∥zi+1 − zi∥ = O ( d0√
k
) .
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Obs. Note that the PPM, with variable stepsize, is equivalent to

xk ∈ (I + λkT )(xk) ⇐⇒
xk−1 − xk

λk
∈ T (xk) ⇐⇒

xk−1 − xk
λk

∈ T (xk), xk = x̃k.

De�nition 4.3. T ε denotes the ε–enlargement of T de�ned as

T ε(x̃) = {ṽ ∶ ⟨ṽ − v, x̃ − x⟩ ≥ −ε,∀(x, v) ∈ grT} .

Properties.

(0) T ε1 ⊆ T ε2 if ε1 ⊆ ε2

(1) T monotone Ô⇒ T ⊆ T 0

(2) T maximal monotone ⇐⇒ T = T 0

(3) If T = ∂f , f ∈ Conv(Rn), then ∂εf ⊆ T ε

(4) if T (x, y) = ∂xK(x, y) × ∂y(−K)(x, y) whereK is a closed convex-concave function on C ×D then

∂ε[K(⋅, y) −K(x, ⋅)](x, y) ⊆ T ε(x, y)

Inexact PPM

Given (xk−1, λk), compute (xk, x̃k, εk) satisfying

xk−1 − xk
λk

∈ T εk(x̃k), ∥xk − x̃k∥2 + 2λkεk ≤ σ2∥x̃k − xk−1∥2.

Lemma 4.4. For ṽ ∈ T ε(x̃) de�ne Γ(u) = ⟨ṽ, u − x̃⟩ − ε for all u. �en

Γ(x∗) ≤ 0, ∀x∗ ∈ T −1(0).

Proof. We have
ṽ ∈ T ε(x̃), (x∗,0) ∈ grT Ô⇒ ⟨ṽ − 0, x̃ − x∗⟩ ≥ −ε ⇐⇒ Γ(x∗) ≤ 0.

Lemma4.5. Assume that (x0, λ) ∈ Rn×R++ and (x, x̃, ε) satis�es ṽ ∶= x0−x
λ ∈ T ε(x̃)and ∥x̃−x∥2+2λε ≤ σ2∥x̃−x0∥2.

�en,

(a) x = argmin [λΓ(u) + 1
2∥u − x0∥2]

(b) min [λΓ(u) + 1
2∥u − x0∥2] ≥ 1−σ2

2 ∥x̃ − x0∥2

where Γ(u) = ⟨ṽ, u − x̃⟩ − ε.

Proof. (a) Obvious.

(b) For all u,
min [λΓ(u) + 1

2
∥u − x0∥2] = λΓ(u) + 1

2
∥u − x0∥2 − 1

2
∥u − x∥2
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so take u = x̃ to get

min [λΓ(u) + 1

2
∥u − x0∥2]

≥ 1

2
(∥x̃ − x0∥2 − ∥x̃ − x∥2) + λΓ(x̃)

= 1

2
(∥x̃ − x0∥2 − ∥x̃ − x∥2 − 2λε)

≥ 1

2
(∥x̃ − x0∥2 − σ∥x̃ − x0∥2) .

Lemma 4.6. Under the assumptions of the previous lemma,

∥u − x0∥2 ≥ ∥u − x∥2 + (1 − σ2)∥x̃ − x0∥2 − 2λΓ(u), ∀u ∈ Rn.

Proof. We have

λΓ(u) + 1

2
∥u − x0∥2

= λΓ(x) + 1

2
∥x − x0∥2 + 1

2
∥u − x∥2

≥ 1 − σ2

2
∥x̃ − x0∥2 + 1

2
∥u − x∥2.

Lemma 4.7. For all x∗ ∈ T −1(0) and k ≥ 1,

∥x∗ − xk−1∥2 ≥ ∥x∗ − xk∥2 + (1 − σ2)∥x̃k − xk−1∥2

and also
∥u − xk−1∥2 ≥ ∥u − xk∥2 + (1 − σ2)∥x̃k − xk−1∥2 − 2λkΓk(u).

Proposition 4.4. We have

∥u − x0∥2 ≥ ∥u − xk∥2 + (1 − σ2)
k

∑
i=1

∥x̃i − xi−1∥2 − 2
k

∑
i=1

λiΓi(u)

and

∥x∗ − x0∥2 ≥ ∥x∗ − xk∥2 + (1 − σ2)
k

∑
i=1

∥x̃i − xi−1∥2.

Criterion

Given (ρ̄, ε̄) > 0, �nd (x̃, ṽ, ε) such that

ṽ ∈ T ε(x̃), ∥ṽ∥ ≤ ρ̄, ε ≤ ε̄.

Have
ṽk =

xk−1 − xk
λk

∈ T εk(x̃k), (x̃, ṽ, ε) = (x̃k, ṽk, εk).
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Lemma 4.8. For all k ≥ 1,

(1 − σ)∥x̃k − xk−1∥2 ≤ ∥λkṽk∥ ≤ (1 + σ)∥x̃k − xk−1∥ + 2λkεk ≤ σ2∥x̃k − xk−1∥2.

Obs. De�ne
θk ∶= max{2λkεk

σ2
,
λ2∥ṽk∥2

(1 + σ)2
} ≤ ∥x̃k − xk−1∥2.

By a previous proposition,
k

∑
i=1

θi ≤
∥x0 − x∗∥2 − ∥x1 − x∗∥2

1 − σ2

and also∑ki=1 θi ≥ kmini≤k θi. Hence,

min
i≤k

θi ≤
d2

0

k(1 − σ2)
and so for every k there exists i such that

εi ≤
σ2d2

0

2k(1 − σ2)λi
, ∥vi∥2 ≤ (1 + σ)2d2

0

k(1 − σ2)λ2
i

.

Properties.

(1) {xk} is bounded.

(2) {x̃k} is bounded.

(3) there exists a subsequence {(x̃k, ṽk, εk)}
k∈K→ (x̄,0,0) such that

ṽk ∈ T εk(x̃k), 0 ∈ T 0(x̄) = T (x̄)

and so x̄ ∈ T −1(0).

(4) ∥xk − x̄∥ ↓ and ∥xk − x̄∥
k∈K→ 0.

(5) xk → x̄ Ô⇒ x̃k → x̄.

IPP Framework (again)

For 0 ∈ T (x) and T maximal monotone.

(0) Given x0 and σ ∈ (0,1), set k = 1;

(1) choose λk > 0 and compute (xk, x̃k, εk) satisfying

xk−1 − xk
λk

∈ T εk(x̃k), ∥xk − x̃k∥2 + 2λkεk ≤ σ2∥x̃k − xk−1∥2;

(2) set k ←[ k + 1 and go to (1).

We showed the following results about vk ∶= (xk−1 − xk)/λk.

• mini≤k max{∥vi∥2, εi} ≤ O(1/k)

• xk → x∗ ∈ T −1(0) and x̃k → x∗ ∈ T −1(0)
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Proposition 4.5. For all k ≥ 1 and u ∈ Rn we have

∥u − x0∥2 ≥ ∥u − xk∥2 + (1 − σ2)
k

∑
i=1

∥x̃i − xi−1∥2 − 2
k

∑
i=1

λiΓi(u)

where
Γi(u) = εi + ⟨vi, u − x̃i⟩ .

Obs. (1) Γi(x∗) ≤ and Γi(x̃i) = εi.

Proposition 4.6. Let ui ∈ T εi(yi) and θi ≥ 0 for i = 1, ..., k such that∑ki=1 θi = 1. Let

ua =
k

∑
i=1

θiui, ya =
k

∑
i=1

θiyi,

and

εa =
k

∑
i=1

θi [εi + ⟨ui − ua, yi − ya⟩] .

�en ua ∈ T εa(ya) and εa ≥ 0.

Proof. Have for every i = 1, ..., k:

⟨ui − v, yi − x⟩ ≥ −εi, ∀(x, v) ∈ grT.

So, for (x, v) ∈ grT , we have

⟨ua − v, ya − x⟩ + εa

= ⟨ua − v, ya − x⟩ +
k

∑
i=1

θi [εi + ⟨ui − ua, yi − ya⟩]

=
k

∑
i=1

θi [⟨ui − v, ya − x⟩ + ⟨ui − ua, yi − ya⟩ + εi

⟨ui − v, yi − ya⟩ + ⟨v − va, yi − ya⟩
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

sum is 0

⎤⎥⎥⎥⎥⎥⎦

=
k

∑
i=1

θi (εi + ⟨ui − v, yi − x⟩) ≥ 0

Proposition 4.7. For λi ≥ 0 and Λk ∶= ∑ki=1 λi de�ne

x̃ak =
∑ki=1 λix̃i

Λk

, vak =
∑ki=1 λivi

Λk

= x0 − xk
Λk

,

and

εak =
∑ki=1 λi [εi + ⟨vi, x̃i − x̃ak⟩]

Λk

=
−∑ki=1 λiΓi(x̃ak)

Λk

.

�en vak ∈ T ε
a
k(x̃ak).
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Proposition 4.8. ∥vak∥ ≤ 2d0/Λk where d0 = min{∥x0 − x∗∥ ∶ x∗ ∈ T −1(0)}.

Proof. We have

Λkv
a
k =

k

∑
i=1

λivi =
k

∑
i=1

(xi−1 − xi).

So, we have
λk∥vak∥ ≤ ∥x0 − xk∥ ≤ ∥x0 − x∗∥ + ∥xk − x∗∥ ≤ 2∥x0 − x∗∥ = 2d0.

Proposition 4.9. For all k ≥ 0 we have

εak ≤
∥x̃ak − x0∥2

2Λk

≤
(2 + σ√

1−σ2
)

2
d0

2Λk

.

Proof. We have , from a previous proposition,

Λkε
a
k = −

k

∑
i=1

λiΓi(xak) ≤
1

2
∥xak − x0∥2.

Now note

∥xak − x0∥ ≤ max
i≤k

∥x̃i − x0∥

≤ max
i≤k

(∥x̃i − xi∥ + ∥xi − x0∥)

≤ 2d0 +max
i≤k

∥x̃i − xi∥.

If σ < 1 then
max
i≤k

∥x̃i − xi∥ ≤ σmax
i≤k

∥x̃i − xi−1∥ ≤
σd0√
1 − σ2

from a previous proposition. Hence

∥xak − x0∥ ≤ (2 + σ√
1 − σ2

)d0.

Remark 4.1. Wemust have εa ≥ 0 by the following argument.

Assume εa < 0. Have ⟨ua − v, ya − x⟩ ≥ −εa for all (x, v) ∈ grT . Let gr T̃ = grT ∪{(ua, ya)}. We have T̃ ≠ T which
contradicts the maximality of T since T̃ is monotone.

Note that this show that if grT ε ≠ ∅ then ε ≥ 0.

Variational Inequalities:

Given F ∶X ↦ Rn monotone continuous satisfying

∥F (x) − F (x′)∥ ≤ L∥x − x′∥ ∀x,x′ ∈X,

and ∅ ≠X ⊆ Rn we want to:
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Find x∗ ∈X such that

⟨F (x∗), x − x∗⟩ ≥ 0, ∀x ∈X
⇐⇒ − F (x∗) ∈ NX(x∗) = ∂δX(x∗)
⇐⇒ 0 ∈ (F +NX

´¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¶
T

)(x∗)

where T is maximally monotone.

Tseng’s B-F Splitting Method

(0) Given x0 ∈ Rn, choose λ > 0 and σ such that λ = σ/L.

(1) Solve for x̃ as
F (x0) +NX(x̃)

´¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¶
ñ∈

+1

λ
(x̃ − x0) ∋ 0

and set x = x0 − λ [F (x̃) + ñ] where ñ = (x̃ − x0)/λ + F (x0).

Obs. We have
x̃←[ min{⟨F (x0), u − x0⟩ +

1

2λ
∥u − x0∥2 ∶ x ∈X}

and so
x̃ = PX(x0 − λF (x0)).

IPP Framework Results

Proposition 4.10. For every k ≥ 0 we have

min
i≤k

max{∥vi∥2, εi} ≤ O(1/k), vi ∈ T εi(xi)

and
max{∥vak∥, εak} ≤ O(1/k), vak ∈ T ε

a
k(xak).

Composite Korpolevich’s Method

We want to get
0 ∈ F (z) + ∂g(z) =∶ T (z)

where g ∈ Conv(X), F ∶ X ↦ Rn is monotone continuous, and F is L-Lipschitz. �at is T (z) is maximal
monotone.

Obs. g = δX implies the problem of interest is a VIP.

Korpolevich’s Method

(0) Given z0 ∈X .

(1) Compute z̃ ∈X by solving

F (z0) + ∂g(z̃) +
1

λ
(z̃ − z0) ∋ 0. (a)

(2) Compute z ∈X by solving

F (z̃) + ∂g(z) + 1

λ
(z − z0) ∋ 0. (b)
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(3) Set z0 ←[ z and go to (1).

Obs. (a) ⇐⇒ z̃ = argminu [⟨F (z0), u⟩ + g(u) + 1
2λ∥u − z0∥2] .

(b) ⇐⇒ z = argminu [⟨F (z̃), u⟩ + g(u) + 1
2λ∥u − z0∥2] .

Fact

Assume p ∈ ∂g(z) and let z̃ ∈ dom g and

ε = g(z̃) − g(z) − ⟨p, z̃ − z⟩ .

�en, p ∈ ∂ε(z̃).

Proof. Exercise.

(a) ⇐⇒ F (x0) + p̃ + 1
λ(z̃ − z0) = 0, p̃ ∈ ∂g(z̃)

(a) ⇐⇒ F (x0) + p + 1
λ(z − z0) = 0, p ∈ ∂g(z)

So,
v = 1

λ
(z0 − z) = F (z̃) + p ∈ F (z̃) + ∂εg(z̃) ⊆ (F + ∂g)ε(z̃) = T ε(z̃).

We also have

ε = g(z̃) − g(z) − ⟨p, z̃ − z⟩
= g(z̃) − g(z) − ⟨p̃, z̃ − z⟩ + ⟨p̃ − p, z̃ − z⟩
≤ ⟨p̃ − p, z̃ − z⟩ .

Next, note that (a) and (b) imply

F (z̃) − F (z0) + p − p̃ +
1

λ
(z − z̃) ∋ 0

and hence

∥z̃ − z∥2 + 2λε ≤ ∥z̃ − z∥2 + 2λ ⟨p̃ − p, z̃ − z⟩
≤ ∥z̃ − z + λ(p̃ − p)∥2 − λ2∥p̃ − p∥2

≤ ∥z̃ − z + λ(p̃ − p)∥2

= λ2∥F (z̃) − F (z0)∥2

≤ λ2L2∥z̃ − z0∥2

and when λ = σ/L we get
∥z̃ − z∥2 + 2λε ≤ σ2∥z̃ − z0∥2

which is the IPP framework.

Complexity

We have
vk =

1

λ
(zk−1 − zk) ∈ F (z̃k) + ∂εkg(z̃k)

with pointwise convergence
min
i≤k

max{∥vi∥2, εi∣ ≤ O(1/k).
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Also note that
ṽ = F (z̃) + p̃ ∈ (F + ∂g)(z̃)

and have
ṽ = F (z̃) − F (z0) +

1

λ
(z0 − z̃)

so that
∥ṽ∥ ≤ (L + 1

λ
) ∥z̃ − z0∥ = (1 + σ)L∥z̃ − z0∥.

Fact. We have

∥z̃ − z0∥ ≤
∥z − z0∥

1 − σ
= λ∥v∥

1 − σ
.

Proof. σ∥z̃ − z0∥ ≥ ∥z̃ − z∥ ≥ ∥z̃ − z0∥ − ∥z0 − z∥.

So

∥ṽ∥ ≤ (1 + σ)Lλ∥v∥
1 − σ

Ô⇒ min
i≤k

∥ṽi∥ ≤ O ( 1√
k
) .

4.2 Saddle-Point Problem

Given K̂ ∶ C ×D ↦ R closed convex-concave and C ×D ⊆ Rn ×Rm convex, de�ne

p(x) = max
y∈D

K̂(x, y), d(y) = min
x∈C

K̂(x, y).

Obs: We have p(x) ≥ d(y) for all (x, y) ∈ C ×D.

SP→ (x∗, y∗) ∈ C ×D s.t. p(x∗) = d(y∗)

ε–SP→ (x̄, ȳ) ∈ C ×D s.t. p(x̄) − d(ȳ) = 0 or equivalently 0 ∈ ∂ε [K̂(⋅, ȳ) − K̂(x̄, ⋅)] (x̄, ȳ)

For ε = 0 this is the problem 0 ∈ T (z) where

T (z) = T (x, y) ∶= ∂ [K̂(⋅, y) − K̂(x, ⋅)] (x, y).

Smooth Composite Structure

Assume
K̂(x, y) =K(x, y) + g1(x) − g2(y)

where g1 ∈ Conv(C), g2 ∈ Conv(C), K is a real-valued function which is di�erentiable on C × D and ∇K is
L–Lipschitz. Here,

T (z) = ( ∇xK(x, y)
−∇yK(x, y) )

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=F (z)

+( ∂g1(x)
∂g2(x)

)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∂g(z)
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where g(z) = g(x, y) = g1(x) + g2(y). �e IPP iteration is

vi ∈ F (zi) + ∂εig(zi) = ( ∇xK(x̃i, ỹi) + ∂ε′ig1(x̃i)
−∇yK(x̃i, ỹi) + ∂ε′ig2(x̃i)

)

⊆ ∂εi [K̂(⋅, ỹi) − K̂(x̃i, ⋅)] (x̃i, ỹi)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

T [εi](x̃i,ỹi)

⊆ T εi(x̃i, ỹi).

We also have that vi ∈ T [εi](x̃i, x̃i) implies vak ∈ T [εak](x̃ak, ỹak).
Chambolle-Pock’s Algorithm

Consider the problem
(P ) min

x
max
y

⟨Kx, y⟩ +G(x) − F ∗(y)

whereG ∈ Conv(Rn), F ∈ Conv(Rm),K ∶ Rn ↦ Rm is linear. �e problem (P ) is equivalent to

min
x

F (Kx) +G(x)

and has the dual formulation
max
x

min
y

⟨Kx, y⟩ +G(x) − F ∗(y) = ψ(x, y)

or equivalently
max
y

−G∗(−K∗y) − F ∗(y).

Furthermore, let us assume that ∃(x∗, y∗) ∈ Rn ×Rm such that

−Kx∗ + ∂F ∗(y∗) ∋ 0, K∗y∗ + ∂G(x∗) ∋ 0

or equivalently
(0,0) ∈ ∂ [ψ(⋅, y∗) − ψ(x∗, ⋅)] (x∗, y∗)

Algorithm Description

(0) Choose τ1, τ2 > 0, θ = 1, (x0, y0) ∈ Rn ×Rm and set x̄0 = x0 and k = 0;

(1) compute

yk+1 = (I + τ1∂F
∗)−1(yk + τ2Kx̄

k),
xk+1 = (I + τ1∂G)−1(xk + τ1K

∗yk+1),
x̄k+1 = xk+1 + θ(xk+1 − xk).

(2) set k ←[ k + 1 and go to (1).

Facts

We have

xk+1 − xk
τ1

+K∗yk+1 + ∂G(xk+1) ∋ 0,

yk+1 − yk
τ2

+K∗x̄k + ∂F ∗(yk+1) ∋ 0.
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IPP Framework

�e above algorithm is an instance of the following framework.

Proposition 4.11. �e CP algorithm is an instance of the following IPP framework as long as ∥K∥2τ1τ2 ≤ σ2.

Given (xk, yk) and λk+1 > 0, �nd (xk+1, yk+1), (x̃k+1, ỹk+1) s.t.

xk+1 − xk
λk+1

+ τ1 [K∗ỹk+1 + ∂G(x̃k+1)] ∋ 0, (a)

yk+1 − yk
λk+1

+ τ2 [−Kx̃k+1 + ∂F ∗(ỹk+1)] ∋ 0. (b)

We also have, for some σ ∈ (0,1), the inequality

1

τ1

∥xk+1 − x̃k+1∥2 + 1

τ2

∥yk+1 − ỹk+1∥2 + 2λk+1εk+1 ≤ σ [∥xk+1 − x̃k∥2 + 1

τ2

∥yk+1 − ỹk∥2] . (c)

Proof. Take λk+1 = 1, εk+1 = 0, and
xk+1 = x̃k+1 = xk+1, ỹk+1 = yk+1,

yk+1 = yk+1 + τ2K(x̄k+1 − xk+1).

�e proof of (a) is straightforward. For (b), we have that the right-hand-side of (b) is

yk+1 + τ2 [K(x̄k+1 − xk+1)] − yk − τ2 [K(x̄k − xk)]
+ τ2 [−Kxk+1 + ∂F ∗(yk+1)]

= τ2 [
yk+1 − yk

τ2

+K (x̄k+1 − xk+1 − x̄k + xk − xk+1) + ∂F ∗(yk+1)]

= τ2 [
yk+1 − yk

τ2

+Kx̄k + ∂F ∗(yk+1)]

which contains 0 by step 1 of the CP algorithm. We now prove the inequality. We observe that

(c) ⇐⇒ 1

τ2

∥τ2K(x̄k+1 − xk+1)∥2 ≤ σ [ 1

τ1

∥xk+1 − xk∥2 + 1

τ2

∥yk+1 − ỹk∥2]

⇐⇒ ∥K(x̄k+1 − xk+1)∥2 ≤ σ [ 1

τ1τ2

∥xk+1 − xk∥2 + 1

τ 2
2

∥yk+1 − yk∥2]

⇐Ô ∥K∥2∥x̄k+1 − xk+1∥2 ≤ σ2

τ1τ2

∥xk+1 − xk∥2

⇐⇒ ∥K∥2∥xk+1 − xk∥2 ≤ σ2

τ1τ2

∥xk+1 − xk∥2

⇐⇒ ∥K∥2τ1τ2 ≤ σ2.

Gauss-Siedel

(0) Given x0 and y0.

(1) Find ỹ such that −Kx0 + ∂F ∗(x) + (ỹ − y0)/τ2 ∋ 0.

(2) Find x such that −K∗ỹ + ∂G(x) + (x − x0) ∋ 0.

(3) Get y satisfying (y − y0)/τ2 −Kx + ∂F ∗(ỹ) ∋ 0
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Claim. CP algorithm is Gauss-Siedel.
Proof? Take x̄k = x0, yk+1 = ỹ,... ???

4.3 ADMM

Consider the problem

min f(x) + g(x)
s.t. Ax +By = 0 ∈ Rr

where f ∈ Conv(Rn) and g ∈ Conv(Rm). De�ne

Lp(x, y;λ) = f(x) + g(x) + λT (Ax +By) + ρ
2
∥Ax −By∥2.

Augmented Lagrangian Method (ALM)
(0) Given λ0 ∈ Rr.
(1) Solve (x, y) ∈ argmin(x′,y′)Lp(x′, y′;λ0).
(2) Set λ = λ0 + ρ(Ax +By).
Optimality Conditions
We have

∂f(x) +A∗(λ0 + ρ(Ax +By)) ∋ 0,

∂g(y) +B∗(λ0 + ρ(Ax +By)) ∋ 0,

−Ax −By + λ − λ0

ρ
= 0,

or equivalently

∂f(x) +A∗λ ∋ 0, (1)
∂g(y) +B∗λ ∋ 0, (2)

−Ax −By + λ − λ0

ρ
= 0. (3)

Consider

T (z) = T (x, y, λ) ∶=
⎡⎢⎢⎢⎢⎢⎣

0 0 A∗

0 0 B∗

−A −B 0

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣

x
y
z

⎤⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎣

∂f(x)
∂g(y)

0

⎤⎥⎥⎥⎥⎥⎦
.

where T is maximal monotone. �e partial prox (θ = 1) is

⎡⎢⎢⎢⎢⎢⎣

0
0
0

⎤⎥⎥⎥⎥⎥⎦
∈ T (z) + 1

θ

⎡⎢⎢⎢⎢⎢⎣

0
0

λ − λ0

⎤⎥⎥⎥⎥⎥⎦
.

Also, ALM is a full-prox for
0 ∈ ∂(−d)(λ)
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where
d(λ) ∶= inf

x′,y′
Lp(x′, y′;λ).

ADMM

(0) Given (λ0, y0)

(1) solve x ∈ argminx′ Lp(x′, y0;λ0)

(2) solve y ∈ argminy′ Lp(x, y′;λ0)

(3) set λ = λ0 + ρ(Ax +By)

Analysis

De�ne

λ̃ ∶= λ0 + ρ(Ax +By0),
(x̃, ỹ) ∶= (x, y),

z̃ ∶= (x̃, ỹ, λ̃)
z ∶= (x, y, λ).

Exercise. Show that

(1) ⇐⇒ ∂f(x̃) +A∗λ̃ ∋ 0

(2) ⇐⇒ ∂g(ỹ) +B∗λ̃ + ρB∗B(y − y0) ∋ 0

(3) ⇐⇒ −Ax̃ −Bỹ + λ − λ0

ρ
= 0

and with θ = 1, ε = 0, we have that the above is equivalent to

T ε(z̃) ∋ ∇w(z0) −∇w(z)
θ

where

w = w(x, y, λ) ∶= ρ
2
∥By∥2 + 1

2ρ
∥λ∥2,

∇w =
⎛
⎜
⎝

0
ρB∗By

1
ρλ

⎞
⎟
⎠
.

We also have, with σ ∈ [0,1], the inequality

dwz(z̃) + λε ≤ σdwz0(z̃),

where dwz is the Bregman distance of w, i.e.

0 ≤ dwz(z′) = w(z′) −w(z) − ⟨∇w(z), z′ − z⟩ ≤ M
2

∥z′ − z∥2.
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We have
dwz(z̃) =

ρ

2
∥B(y − ỹ)∥2 + 1

2ρ
∥λ − λ̃∥2 = 1

2ρ
∥λ − λ̃∥2 = ρ

2
∥B(y − y0)∥2

and
dwz0(z̃) =

ρ

2
∥B(y0 − ỹ)∥2 + 1

2ρ
∥λ0 − λ̃∥2 = ρ

2
∥B(y0 − ỹ)∥2 + 1

2ρ
∥λ0 − λ̃∥2.

Also,

∥z̃ − z∥ = ∥λ − λ̃∥ = ρ∥B(y − y0)∥
= ρ (∥B(y − y∗)∥ + ∥B(y∗ − y0)∥) ,

and since dwz(z∗) ≤ dwz0(z∗) then we have

dwz(z̃) + θε ≤ σdwz0(z̃)

with σ = 1.

Assumptions on the Bregman

We have w ∈ Conv(Rn) and a semi-norm ∥ ⋅ ∥ for which

dwz(z′) ≥
m

2
∥z′ − z∥2 ∀z′, z

in the semi-norm. Also,
∥∇w(z′) −∇w(z)∥∗ ≤M∥z′ − z∥.

Convergence

�e IPP inclusion is
va = ∑ v

k
∈ T εa(za)

with convergence rates

εa ≤ (3M

m
) [3 (dw0 + σpk)

θk
] , ∥va∥∗ ≤ 2

√
2M(dw0)1/2
√
mθk

,

where ρk = maxi≤k dwzi−1(z̃i).
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