MATH247 Final Exam Review

prExer: W. Kong

1 Topology in R”

Theorem 1.1. (Cauchy-Schwarz Inequality)

For any z,y € R", | > wiyi| <[> 22, [ > v;

i=1 i=1 i=1
Definition 1.1. A norm is a function || - || : R” — R that satisfies (N1),(N2), and (N3) below. We call
(R™,] - ||) a normed linear (vector) space.

(N1) |z]] >0 and ||z|| =0 <= z=0
(N2) [[oz]| = |a |||
(N3) [l +yll < Il + [lyl
Notation 1. We define a ball of radius 7 > 0 and norm ||||; around a point a € R™ with the following notation:

B, i(a) = {:17 € R"|||x —al; < r}
Definition 1.2. otherwise if a norm is not given, then we use the notation:

By(a) = {x eR™|[|x —a| <r}.

Definition 1.3. A set V C R" is open if for all € V, there exists € > 0 such that B.(z) C V.
Remark 1.1. Let ||||a, |||ls be norms so that

mlzfle < [lzflp < Mllz|a, Vo € R
Suppose B o(z9) C V such that ||z — x¢|lq < €. Then ||z — z¢llp < Me and so

Beo(zo) C  Buep(zo)
Similarly, suppose B p(x9) C V such that ||z — zo|ls < €. Then |z — 2¢[lp < % and
B y(w0) C Be a(z0)

Thus, given any norms ||||4, |||/|s with the inequality above for any e > 0, we can always enclose a ball of radius
€ of one norm by creating a ball of radius €’ of the other norm. € will just be defined as above depending on
the norms used.

Proposition 1.1. The set B,.(a) is open for r >0, a € R™.
Definition 1.4. A set V is closed if V¢ is open.

Definition 1.5. A point ¢ € R" is a boundary point of V C R"™ if Ve > 0, B.(a) contains points in V and
points not in V. Suppose o« C B C R™. If there is an open set O such that &« = O N § then « is relatively
open in . Similarly, if there’s a closed set C such that a = C'N 3, « is relatively closed in 5.



Definition 1.6. If there is o, 8 C v such that a £ 0, 8 # 0, v = aUB, = aN B with « and 8 relatively open
in 7, we say that o and 8 separate v.If there are such «a, and 3, we say that v is disconnected. Otherwise it
is connected.

Notation 2. Let x,, , represent the the nth component of the mth vector in a sequence of vectors {z;}i>1.

Definition 1.7. In R, we consider a sequence {z;};>1, #; € R. The sequence is convergent if there is a € R
so for every € > 0, there is N € N so
|z; —al <€, Vi> N

We say that lim a.

71— 00

Definition 1.8. In R", we consider a sequence of vectors

{l‘z’|5€i: [ Ti14 24 - Tng ]t}

We say that this sequence converges if there is a € R™ so for every € > 0, there is N € N so

lx; —al <€, Vi>N

for some norm || - ||. We can call this kind of convergence norm convergence.

Proposition 1.2. For any two arbitrary norms |||, and ||||s on R™, the following inequality will always hold:

mlz|e < |zl < M||z|a, V2 € R", m, M € R"

Proposition 1.3. A sequence {z;};>1 C R™ is convergent in one norm iff it is convergent in another norm.
Proposition 1.4. The sequence {z;}i>1 C R™ is convergent iff lim xx; = ag, 1 < k < n for some a;, € R.
- ~ 1—0o0 '

Definition 1.9. A sequence {z;} C R™ is Cauchy if Ve > 0, 3N € N such that

Hl’z —.’bj” < €, VZ,] >N

over any arbitrary norm || - ||.
Proposition 1.5. A sequence of vectors is convergent iff it is Cauchy.

Proposition 1.6. A set A C R™ is closed iff every convergent sequence {x; }i>1 with x; € A, has its limit
point in A.

Definition 1.10. For A C R", the closure of A is defined to be:

A={aeR"|Ve>0,B(a) NAH#0}

2 Functions in R"

Definition 2.1. Let A C R™ be non-empty, a € R™. If there is {z;};>1 C A\a, we say that

lim z; = a
11— 00

where a is an accumulation point of A. The set of all accumulation points in A is denoted by A®. If a € A\ A%,
then we say that a is an isolated point of A.



Definition 2.2. Let f: A — R™, A € R"™ non-empty. For a € A* and L € R we define the following;:

o If Ve > 0, 3§ > 0 such that ||z —al| <d,z € A = ||f(z) — L|| < ¢, we say that f has limit L. That
is,

lim f(z) = L.

Tr—a

e If also, f is defined at a and lim f(z) = f(a), f is continuous at a.
Tr—a

Proposition 2.1. Let A C R™ be a non-empty set, a € A, f: A— R™. Then lim f(x) = L iff lim f(x;) =L
r—a T 1—00
for every sequence {x;}i>1 C A\a with lim x; = a. That is,
- 11— 00

lim f(x;)=f (.lim xl)

71— 00 1— 00
Theorem 2.1. (Limit Theorems)
Let a € R™, V an open set containing a, f,g : V\a — R™. If lim f(x) = Ly, lim fg(z) = Ly, then the

r—ra

Tr—ra

following hold.

o lim [af(x)+g(z)) =aly+ Ly, « €R

r—a

o lim f(x)g(zx) =LsL,

r—a

. flx) _ L
o If L, # 0, lim [80 — 2+

Theorem 2.2. (Squeeze Theorem)

Consider f,gh: A — R, with A* # () and let a € A®. Suppose,
f(@) < g(@) < h(), Vo € A\a 1)

If lim f(z) =0, lim h(z) = b, then lim g(z) = b.

T—a Tr—a T—ra

Corollary 2.1. If |g(z) — L| < h(z) for all x € A\a and lim h(z) =0, then lim g(z) = L.

Tr—a T—a

Lemma 2.1. (Young’s inequality)

(la| = [B])% = a2 + b2 — 2|al|| > 0 = 2|a||b| < a® + b?

Definition 2.3. Let a € R™, V an open set containing a and f : V — R™. The function is continuous at a if

lim f(z) = f(a),
Theorem 2.3. (Continuity Theorems)
Let a € R™, V an open set containing a and f,g : V — R™. Assume f,g are continuous at a. Then the

following hold true:

e [+ g is continuous at a
e «of is continuous at a, « € R

e fg is continuous at a



o If g #0, then 5 is continuous at a
Theorem 2.4. (Composition Continuity Theorem)

Let a € R™, V an open set containing a with f : ¥V — R™ continuous at a, and let g : W C R™ — RP
be continuous on an open set W containing f(a). Then the composite function h = g o f, defined by
h(z) = g(f(x)) is continuous at a.

Proposition 2.2. Consider A C S C R".

1. A is relatively open in S iff Va € A, 3r > 0 such that B,(a) NS C A.

2. If S is open, A is relatively open in S iff A is open.
Remark 2.1. What if A =57 Well, R" is open, so A =R"NS = A =.S5. Thus, A is relatively open in itself.
Proposition 2.3. If A C R™ connected and f : A — R™ is continuous on A, then f(A) is connected (in R™ ).

Theorem 2.5. (Intermediate Value Theorem,)

Let f: A — R be continuous. If A is connected, then Va,b € A, with f(a) < f(b), and Vv € (f(a), f(b)),
Jde € A such that f(c) = v.

Proposition 2.4. For f:R™ — R™, the following are equivalent:

1. f is continuous on R"
2. VV € R™ where V is open, f~!(V) is open (in R")
3. VV € R™ where V is closed, f~1(V) is closed (in R™)

Proposition 2.5. Suppose that A C R", f : A — R". Then f is continuous on A iff for every open set
V e R™, f~Y(V) is relatively open on A.

Definition 2.4. A set A € R" is compact if every sequence {z;};>1 C A has a subsequence convergent to
some element of A.

Definition 2.5. A sequence {z;};>1 is bounded if there is M > 0 such that
il < M, Vi
Theorem 2.6. (Bolzano- Weierstrauss Theorem)

Every bounded sequence of vectors in R™ has a convergent subsequence.
Proposition 2.6. A set A C R is compact iff it is closed and bounded.

Definition 2.6. Let A C R™. An open covering is a family of open sets {Uy }rer with

Uuioa
A€L

If there exists a finite covering,
Uy, UU,,U...UU,,, D A

this is said to be a finite subcovering.

Theorem 2.7. (Heine-Borel Theorem)

A set A is compact iff every open covering has a finite subcovering.



Proposition 2.7. Let A C R"™ be non-empty and compact. If f € C(A,R™) then f(A) is compact.
Theorem 2.8. (Extreme Value Theorem (EVT))

Let A C R™ be a non-empty compact set, f € C(A,R). Then there is xg € A, x1 € A such that

f(zo) < f(z) < f(z1),Vz e A

Proposition 2.8. All norms on R™ are equivalent.

Definition 2.7. A function is f : A C R® — R™ is continuous at xy € A if for any ¢ > 0, 39 > 0 so
|l — x|l < 6,z € A = ||f(x) — f(zo)|| < e. We say that it is continuous on A it is continuous at all
xo € A. It is said to be uniformly continuous on A if the same § can be used for all zy € A.

3 Differential Multivariate Calculus

Definition 3.1. We define the rate of change in the z; direction at (aq,az) as

lim flar +h,az) — flay,a2) _ Of
h—0 h 0x1

(a) = D1f(a) = fu,(a).

We call this a partial derivative.
Definition 3.2. A point a is an interior point of U C R™ if there is Be(a) C U for some € > 0.

Definition 3.3. Assume a is an interior point of U. Let f: U C R™ — R. The partial derivatives are

é%fl(a) = ;%E)% f(a1+h,a2,}.l..,an)—f(a)
%(a) = %,I—)IIIO f(a17a2+h7}-l--7an)_f(a)
%(Q) = }lli)r%) f(a1,as,..., (;Ln+h)7f(a)

Note that if all the partial derivatives exist for a function, it does not mean that it is continuous.

Definition 3.4. The directional derivative of f : U C R” — R at a € U in the direction u, ||u|| =1 is defined

as
Duf(e) = gy L1010~ 10

d
— = fla+hu)
dh h—0

if the limit exists.

Definition 3.5. The linear approximation for a function f at an interior point a € U is defined as L,(z) =
f(a) + f'(a)(z — a) where f'(a) € R™*™,

Proposition 3.1. A function f: U C R™ — R is said to be differentiable at an interior point a € U if the
following is satisfied
—L
@)~ L))

e=a |z —a

=0

where Lq(x) is the linear approzimation of f at a. An alternative definition is that there exists a linear map
f'(a) : R™ = R™ and r(z) : U = R, with r(a) =0, such that

fx) = fa) + f'(a)(z — a) + r(2) ||z — af.



Proposition 3.2. If f: U C R™ — R is differentiable at a, all partial derivatives exists at a and
F@=Vi@=[ L@ L@ - L@ ]

which we call the gradient of f.

Proposition 3.3. A vector valued function f is differentiable iff each component function is differentiable.

Definition 3.6. The Jacobian of f is

ofr OfH ... ON
oz Oz Oxy,
, o . :
flay=| o — Df(a)
oxq oy

Remark 3.1. An alternate way of defining differentiability is the following. Let f(z) — Lo(2) = R(z) =
r(x)||z — al| which implies that
_ IS (@) = La()|

[l —af

Ir ()]l

We say that f is differentiable if lim ||r(x)| = 0.
T—ra
Proposition 3.4. Let A € R™*™. Then |Az|lcc < M||Z]|co, Y& € R™ where M = max > |ai;| and a;; = [A]4;.
ioj=1

Proposition 3.5. Any mapping x — Ax where A is a matriz is uniformly continuous.

Proposition 3.6. If f is differentiable at a then it is continuous at a.

Proposition 3.7. Consider f : U C R™ — R™. If all partial derivatives gg? are continuous at a, then f is
)
differentiable at a.

Summary 1.

all partial derivatives
exist at a

All partial derivatives f is differentiable
are continuous at a at a

/

f is continuous
at a

Figure 1: Differentiability Theorems
Proposition 3.8. Let U C R", a € intU and f : U — R be differentiable at a. Then the following hold true.

1. The vector (V f(a), —1) is orthogonal at the tangent hyperplane of the graph z,+1 = f(z) at (a, f(a)).
2. Dyf(a) =V f(a)-u.

3. If Vf(a) # 0 then D, f(a) has a maximum at u = Hg%g\r

Theorem 3.1. (Chain Rule)

Let ACR" BCR™, andg: A— B, f: B— Rl If g is differentiable at a € intA and f is differentiable at
b € intB, then h = f(g(x)) = (f o g)(z) is differentiable at a with

W(x) = f'(9(x))g (x)



Remark 3.2. Note that in the chain rule proof, we are generalizing differentiability in the directional derivative

sense,
L (at h) — Fa) — F(a)hul
h—0 ||

(1)

into a stronger statement,
L (@t hp) ~ f(@) = f(a)p]
Ipli—0 il

(2)
So, in other words, (2) = (1).

Theorem 3.2. (Mean Value Theorem (MVT))

Let f: ACR™ = R be differentiable on S C intA where S = {a+t(b—a),t € (0,1)}, where a,b € A and f
continuous on S. Then, there is ¢ € S such that f(b) — f(a) = f'(c)(b—a).
N

V(e
Definition 3.7. A set is convex if for any z,y € 0, z + t(y — x) € 0, Vt € [0, 1].

Corollary 3.1. Let 0 C R™ be non-empty, open and convezx. If f : 8 — R is differentiable on 0 with f'(x) =0,
Yz € 0, then f is constant on 6.

Theorem 3.3. (Generalized Mean Value Theorem)!

Let f: U CR™ — R™ be differentiable on S C int U where S = {a+t(b—a),t € (0,1)}, where a,b € U and
[ continuous on S and suppose that there is M such that || f'(z)|l2,2 < M.? Then,

1£(0) = fla)ll2 < M][b— all;

Theorem 3.4. (Implicit Function Theorem)

Consider a point (a,b) and f:R? = R. If f(a,b) =0, fy(a,b) # 0 and f has continuous partial derivatives
in a neighbourhood of (a,b), then there is a neighbourhood of (a,b) in which f(x,y) = 0 has a unique solution
fory in terms of x :y = g(x). Moreover, g has a continuous partial derivative at a.

Definition 3.8. We define the set of all functions with continuous partial derivatives as
CYUR™) = {f:U CR"™ = R™U # 0}

Definition 3.9. Let f € C'(U,R™). The function f is said to be locally injective at zq € U if there is a ball
B,.(z0), r > 0 such that f is injective (one-to-one) on B,.(xq) NU. 3

Lemma 3.1. Let f € C1(U,R™) where U C R™, and U is open such that det(f'(a)) # 0 at a € U*. Then, the
following hold true:

(1) There is a neighbourhood B of a so that det(f'(c)) # 0 for all c € B.

(2) f is locally injective at a.
Proposition 3.9. Let f € CL(U,R™), U C R"*, U open and det(f'(x)) # 0 for z € U. Then f(U) is open.

Proposition 3.10. Let K C R™ be compact, non-empty and f : K — R™ be injective and continuous. Then,
1 f(K) — K is continuous.

1See also H+W, IV 3.7

2]1£'(@)ll2.2 < M means [|f'(a)yll2 < Myll2.¥y
3That is, a # b implies f(a) # f(b).

4Note that a is an n—dimensional vector.



Theorem 3.5. (Inverse Function Theorem)

Let f € CH(U,R™) where U C R" is open. If for a € U, det f'(a) # 0, then there is an open set B containing
a so that

e f is injective on B

e f~lisC! on f(B)

o For each y € f(B), (f 1) (y) = [f'(x)]
Remark 3.3. If f=1 is differentiable at f(a) = b, then

I=(f"of)a) = I=("Y(f(a)fl(a)
= 1=det [(f~")(b)] det [f'(a)]

meaning that det f(a) # 0. The converse of the above, under a couple of other conditions is the inverse
function theorem.

Proposition 3.11. If f € C?(U), then f € C*(U).

Proposition 3.12. Consider f : U C R2 = R where U is open. If gfgy and 6‘9;—8]; exist in a neighbourhood of
a € U and are continuous at a, then

o f o0 f
(a) = (a)
dxdy Oyox
Definition 3.10. We define the second degree Taylor polynomial of a function f : R? — R as the following

Py(z) = f(a) + f'(a)(x — a) + A(z1 — a1) + B(z1 — a1)(z2 — as) + C(22 — a2)?

where P af  _ oP of
P — g2 _ Y vr2 _ Y/
Q(a') f(a)7 axl a axl (a)5 axz a axz (a)
9% Py 0% f 02 P, 0% f
ox? (a) 0z? (a), x3 (e) ¢ 0z3 (e)
02 P, 2P, O2f > f
a) = a) = B = a) = a
0x10x2 O0x2011 0x2011 0x10x2
Definition 3.11. We define the Hessian of f : V C R® — R at a point a € R" to be
92 92 92
sige @ g (@) g (@
Hf (a) — 6$28w1 (CL) 6I28Z2 (a' ngamn (a)
2 ; 2 ) 2 ;
Bxigml (a) 8938,15{1:2 (CL) e Baii{zn (a)

Thus, another way to write our second degree Taylor polynomial is

Py(z) = f(a) + f'(a)(z — a) + %(df —a)'(Hy(a))(z —a)
Theorem 3.6. (Generalized Taylor’s Theorem)

Consider f : V C R™ — R where V is open and convex. If f € C*>(V), then for any a,x € V, there is ¢ on
the line joining x to a so that

f(@) = f(a) + f'(a)(x — a) 4%(% —a)'(Hy(0))(z — a)

L(z)




4 Optimization

Definition 4.1. Let f : V C R™ — R. The point 2° minimizes f over V if f(z°) < f(z), Vz € V.

The point x° is a local minimum if there is € > 0 such that f(z°) < f(x), Vo € B(2°) NV and « € intV.
The definition for the local maximum is similar to the previous definition except with the change that

f(x?) = f(a).
An extreme point or an extremum is a local maximum (max) or minimum (min).
Proposition 4.1. Assume f:V C R™ — R is differentiable on V. If 2° € V is a local extremum, f'(x°) = 0.

Definition 4.2. A point 2° at which a differentiable function f has f’(x°) = 0 is called a stationary or critical
point.

Remark 4.1. Not every critical point is an extreme point. (e.g. the classical example in R is y = 2® (standard
cubic) and in R? it is f(z1,22) = 27 — 23 (standard saddle))

Definition 4.3. A set D C R" is convex if Va,w € D, we have az + (1 —a)w € D,0 < a < 1.

Definition 4.4. A function f: D C R™ — R is a convex function if for all z,w € D and « € (0,1), we have
floz 4+ (1= a)w) < af(z) + (1 —a)f(w)

where D is convex. If we have < holding instead of <, we say that the function is strictly convex.

Notation. We define the epigraph of a function f: D C R™ — R to be epi(f) = {(z,y) € D xR,y > f(z)}.

Remark 4.2. Two equivalent definitions to Definition 5.4 are

e Secant lines with points in D will always lie above the graph of f
e The epigraph of f is a convex set

Proposition 4.2. Let f : D C R™ — R be differentiable on D.Then f is conver on D if and only if
flw+v) > f(w)+ f(w) - v where w,v € D.

Proposition 4.3. Let f: D C R™ — R be convex on D. Then, it has a one sided directional derivative

Dy fore) -t L@ 1)

t—0+ t

for all x € int(D) and arbitrary unit vector v € R™.

Proposition 4.4. If f : D C R™ — R is differentiable and convex, then every critical point minimizes f on D.
Corollary 4.1. If f is differentiable strictly convex, then a critical point is a unique minimizer of f on D.
Proposition 4.5. If f € C*([a,b]), then f is convex on (a,b) if and only if f"(z) > 0, Vx € (a,b).

Definition 4.5. A symmetric matrix M € R™*" is

e positive semi-definite if ! Mz > 0, for all z € R™ (denoted as M > 0) and positive definite if the
previous holds and 2'Mz =0 = x = 0 (denoted as M > 0)

e negative semi-definite if z'Mz < 0, for all x € R™ (denoted as M < 0) and negative definite if the
previous holds and 2'Mz =0 = z = 0 (denoted as M < 0)

e indefinite if Mz > 0, y* My > 0 for some z,y € R and = # y.



Remark 4.3. Alternatively, a matrix is positive (negative) semi-definite if all the eigenvalues are greater
than (less than) or equal to 0, positive (negative) definite if the eigenvalues are all positive (negative), and
indefinite if there are both positive and negative eigenvalues present.

Proposition 4.6. If f € C%(D), where D is a convex set, f is conver on D if and only if the Hessian is
positive semi-definite at each point on D.

Proposition 4.7. Consider A = [g g} and define D = AC — B2. If D = 0 then M is semi-definite, D < 0

then M is indefinite, D > 0, A > 0 then M is positive definite and D > 0, A < 0 then M is negative definite.

Proposition 4.8. If for an open set D C R, f € C*(D) and f'(a) =0 for some a € D, then if:

e Hy(x) > 0 for all z on a neighbourhood B, (a) of a, then a is a strict local minimum of f

e Hy(x) <0 for all z on a neighbourhood B,(a) of a, then a is a strict local maximum of f
Lemma 4.1. Consider a symmetric matrizc M € R™. If M > 0 there is a constant m > 0 such that
o' Mz > m|z||?
for allx € R™, x # 0.
Proposition 4.9. Consider f € C*>(D), D C R" is open. Let a € D be such that f'(a) = 0. Then if:

e Hy(a) > 0, then a is a strict local minimum of f
e Hj(a) < 0,then a is a strict local maximum of f

e Hj(a) is indefinite,then a is a saddle point of f

Theorem 4.1. (Eatended Eatreme Value Theorem)

Suppose f is differentiable on a compact set A. Then by the extreme value theorem, f achieves its mini-
mum/mazimum at some x° € A. If z° € int(A) or x € bdy(A), then x° is a critical point (f'(xg) = 0) or
x € bdy(A).

Note. We build up motivation for the Lagrange multiplier theorem in the following way. Suppose we are
given some differentiable function f : R? — R and we restrict the domain through the condition g(x,y) = 0
for some function g. Using the implicit function theorem, we parametrize f with (z,y) — (2(t),y(t)) where

h(t) = f(z(t),yt)) = Rh'(t) = f'(z(t),y(t)) (;jg;) and x(t),y(t) € C'. Suppose h has an extremum at
t°. Then

£t y(t°)) - (“fﬁ(t?) S0 = [(alto),y(to)) g (). y(t)
NSNS y'(t°)
gradient to f —

tangent vector to the curve

Theorem 4.2. (Lagrange Muitiplier Theorem,)

Let f,g € CH(V) where V. C R" is open. If z° € V is a local extremum of f subject to g(x°) = 0 then either

e ¢'(z°) =0 OR 3\ € R such that f'(z°) = Ag'(z°)

10



5 Integral Multivariate Calculus

Definition 5.1. We define a partition or a division over an interval [a,b] as D = {a = xo, T1, ..., Tn_1, Tn = b}
witha =29 <21 <..<z,_1 <z, =b. Wesay D’ is a refinement of D if D’ D D and D’ # D.

Definition 5.2. We define the upper and lower Darboux Sums, S(D) and s(D) respectively, of a bounded
function f : [a,b] — R on a division

D={a=x0,21,...,;Tpn_1,%, = b}

as
i=1 1=1
where f; = inf  f(x), ;= sup f(z) and §; = x; — x;—1. When f; and F; are chosen arbitrarily

Ti—1 ST zi—1<w<w;

on the interval [x;_1, z;], we call S(D) and s(D) the upper and lower Riemann Sums, respectively.

Lemma 5.1. Let D, D’ be divisions of [a,b] and f : [a,b] = R a bounded function. Then

1. s(D) < S(D)
2. If D' is a refinement of D, then s(D) < s(D') < S(D') < S(D)
3. s(D) < S(D’) where D’ need not be a refinement of D

Definition 5.3. We say that a bounded function f[a,b] — R is integrable if the upper and lower quantities,
i%f (S(D)) and sup (s(D)), are equal. If so, we write:
D

Proposition 5.1. A bounded function f : [a,b] — R is integrable iff for € > 0, there exists some partition D
such that S(D) — s(D) < e.

Definition 5.4. We define the norm of a division D = {a = g, 21, ..., Zp_1, T, = b} as

1D = Jnax. lz; — i1

Theorem 5.1. (Darboua-Reymond-Du Bois)

An equivalent definition for intergrability is the following. Given a bounded function, f : [a,b] — R, f is
said to be integrable iff for all e > 0, there exists a § > 0 such that every division D with |D| < 0 has the
property S(D) — s(D) < e.

Proposition 5.2. If f is continuous except at a finite number of points in [a,b], it is integrable on [a,b].
Proposition 5.3. A function f : [a,b] — R is also integrable on [a,b] iff a sequence of divisions D; exists such

that || D;|| = 0 and

I(f)y= lm > f(t;)(z;i — zi1)

= 1
D;||—0
1Ds][=0 &

exists, where x;_1 < t; < x;. If so, we say that

1) = [ fo) o



Definition 5.5. We define the boundary of a set A, denoted as bdy(A), as the closure of A subtract the
interior of A.

Definition 5.6. We define a rectangle in R? as I = [a,b] x [a,b]. A partition D = D, x D, of the rectangle I
is defined by D, = {a = z¢, 1, ....,x, = b} and D, = {a = yo,¥1, ..., yn = b}. We denote the sub-rectangle
Iij as Iij = [Ii_l,xd X [yj—layj] and its area as

p(lij) = (@i, 2i-1) (Y5, yj-1)-
Generalizing this notion into R"™ is fairly easy.

Definition 5.7. In R?, we define the upper and lower Darboux/Riemann Sums in a similar way from Definition
5.2.. For a bounded function f : I — R and partitions D (using the definition from Definition 5.6), the upper
sum S(D) is given by

n m

S(D) =Y Fij- p(lyy)
i=1 i=1
and the lower sum s(D) is given by
s(D) =YY" fij - ullij)
i=1 i=1
where F;; = sup f(z,y) and f;; = inf f(z,y). Again, one can easily generalize this notion into R”™.

(z,y)€l;j; (z,y)EL;

Definition 5.8. Similar to R, we say that a bounded function f : I C R™ — R, where [ is a rectangle, is
integrable on I if

sup (s(D)) = inf (S(D))

| i

I

Proposition 5.4. Let f: 1 CR" — R be a bounded function. Then f is integrable iff for all e > 0, there is a
division D so that

and we denote this value by

S(D) —s(D) < e.

Definition 5.9. In R?, we define the norm of a division D as

11 = mave e o = s o [y~ i

which is easily generalized into R™.

Proposition 5.5. A bounded function f: I C R™ = R, where I is a rectangle, is integrable iff for e > 0, there
exists & > 0 such that for all D with | D|| <, S(D) — s(D) <e.

Proposition 5.6. A function f: I C R™ — R is integrable on I iff for all sequences of divisions D;, t; € I;,
[ Dill = 0,

I(f)= Jlim > fl)u)=lim > f@n(l), o € L
‘ i=1

IxeD;

exists, where we are indexing our rectangles for a particular D; by I;, i = 1,...,n. If this is the case, we say
100 = [ 160
1

Definition 5.10. A set X C R” is called a null set if

12



e There is a rectangle I such that X C I

3

e For all € > 0, there exists a finite set of rectangles Iy, k = 1, ...,n such that X C |J I and
i=1

7=

u(ly) < e
=1

Proposition 5.7. Let ¢ : [0,1] — R™ be a curve such that for all s,t € [0,1]

[6(s) = d(t)lloc < Mls —1|. (2)
Then the image ¢([0,1]) is a null set.
Proposition 5.8. If ¢ : [0,1] — R™ is C*(]0, 1], R™), IM such that (2) holds.

Proposition 5.9. If f : I C R™ — R is bounded on I and continuous on I\X where X is a null set, [ is
integrable on I.

Remark 5.1. We can put a more general region, D, inside a rectangle, since we already know how to integrate
f(x) ze€D

over rectangles. Then, in order to integrate f (z) : D — R, over D, we can integrate F' () = {0 ¢ D
x

over our rectangle I D D.

Definition 5.11. Let f: D — R where D C I for some rectangle I. Define F' as above. Then, if F' is integrable

on I, we say f is integrable on D.
/f(x)dxz/F(x)dx
A I

Definition 5.12. A point x € R" is a boundary point of A C R" if for every r > 0, B, (z) contains a point
in A and a point not in A. The set of all boundary points is written JA.

Definition 5.13. The set A C R™ is a Jordan region if (1) A C I for some rectangle I, and (2) A is a null
set.

Proposition 5.10. If f: A — R is continuous and A is a Jordan region, then f is integrable on A.

Theorem 5.2. (Jordan Region Progerties)

Assume f,g are integrable on a Jordan region A C R™, a a scalar. Then we have the following properties
(proofs left as an exercise):

e Linearity

/f(ac)+ag(a?)d33:/f(:c)da:+a/g(a:)dm
A A

A

e Equality: If f (z) < g(z) Va € A, then [ f(z)dz < [g(z)d.
A A

e Decomposition: If A = A; U Ay and A; N Ay = () for Jordan regions Ay, As

Note. We can define the volume of a Jordan region A as Vol (4) = [ dz. This corresponds to area in R? and
A
volume in R3.

Proposition 5.11. If f and g are integrable on a Jordan region A C R™, fg is integrable on A.

13



Theorem 5.3. (Stolz* Theorem)

Let f : I — R be integrable on I = [a,b] x [c,d]. If for each x € [a,b], y — f(x,y) is integrable on [c,d], then

d
z v [ f(x,y)dy is integrable on [a,b] and

fronsinr= 1

Theorem 5.4. (Fubini’s Theorem,)

Let f be continuous on A.

o If A={(z,y),a <z <by(x) <y <yp(x)} where y, y, € Cla,b], then

/f(x,y) d(z,y) =/b yy(w)f(%y) dy dx
A

a y(z)

e f A={(z,y),c <y <d,x(y) <z < xp(y)} where z;,z, € Clc,d], then

d Iu(y)

[t@ndayn = [ [ fepdsay
A

¢ z(y)

Note. There are couple more examples that I left out, but the above should be enough for practice.
Notation. denote the determinant of the Jacobian of a function ¢ at x as Ay(z).

Notation. We denote the set of first Riemann integrable functions I — R as £(1).

In the simple one dimensional case, the formula for a change of variable on a function f from a domain
#([a, b]) to [a,b], where ¢'(x) # 0 is bijective and C'[a, b], is

| swa- /f o) de.

é([a,b])

We generalize this into R™ by making the following claim.
Claim 5.1. Given a function f that is integrable on F, where ¢ € C'(E), bijective and Ag(x) # 0, then

[ s du—/f ) 189 ()] d

#(E)
In order for this to be true, we need the following to be true as well.

1. E is a Jordan region

o

f in integrable on ¢(F)

&

¢(E) is a Jordan region

e

fo@-|Ag(x)| is integrable on E

14



From here on out, the proof of the theorem will have to be found in Wade. We will only create a sketch of
the lemmas and propositions needed (without proof).

Lemma 5.2. Let V C R" be a bounded open set and ¢ € C(V,R™). If K is a null set, ¢(K) is a compact null
set. If moreover, det ¢'(u) # 0, Yu € V, then

{ue K|o(u) € 90¢(K)} C 0K = 9¢(K) C ¢(0K)

Proposition 5.12. Let V C R™ be a bounded open set and ¢ € C*(V,R™) be bijective on V with det ¢'(u) # 0,
YueV. If ECV is a Jordan region, ¢(E) is a Jordan region.

Proposition 5.13. Suppose ¢ : R™ — R" is a linear function defined by ¢(u) = Mu for some matriz M. Let
I C R™ be a rectangle. Then Vol(¢p(I)) = |det M| - Vol(I).

Lemma 5.3. Let V C R" be a bounded set and ¢ € C1(V,R™) be bijective. If det ¢'(a) # O then there exists
a rectangle I C V, a € I , and ¢~' € C* with a non-zero Jacobian on ¢(I). Therefore, if J C ¢(I) is a
rectangle, then ¢~1(J) is a Jordan region and

Vol(J) = / |Ag(u)| du

¢=1(J)

An interesting application of the above lemma is Mercator’s Projection which uses loxodromes, which are
lines that cut the meridians of the 2-sphere at a constant angle.

Theorem 5.5. (Change of Variables)

Let ¢ : V. — R™ whereV is a an open set and ¢ € C1(V,R"™) and let E C V be a closed Jordan region.
Suppose ¢ is one-to-one and Ny(x) # 0 on E\Z where Z is a null set. Then ¢(E) is a closed Jordan region
and

[ tdu= [ s6) 8o(a)| d
(E) B
holds for all continuous functions f : (E) — R™.

Remark 5.2. Note that the change of variables does not work for a change from Cartesian to polar coordinates
if we do not restrict 7 > 0. Otherwise the map (r,0) — (x,y) is zero everywhere for r = 0 and arbitrary 6.

Definition 5.14. A useful change of variables is the cylindrical coordinate system. The map (r, 6, z) — (x,yz)
and determinant of the map is given by

x =rcosd cosf —rsinf 0
y=rsinf ,|Ay|=|sinf rcosfd 0 =r
PO 0 0 1

where we have to restrict r > 0.

Definition 5.15. Another useful change of variables is the spherical coordinate system. The map (p, ¢, 0) —
(z,yz) and determinant of the map is given by

x = psin¢cosd singcosf pcospcosf —psingsinf
y=psingsing ,|Ag| = |singsing pcosgsing psingcost | = p*sin g
z = pcos¢ cos @ —psin ¢ 0

where we have to restrict p > 0.
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