AMATH 350 Final Exam Review

BTpXer: W. Kong

Solving Linear DEs

Separable equations: % =g(x)h(y) = [ h(ly) dy =
J g(z)dx
Integrating Factor: Z—Z + plx)y = qz) =

e [u(@)y(@)] = p(x)g(x) where p(z) = ef P)%
Homogeneous Equations (Char. Eqns.)

1. Distinct roots m = ry,79
coe’2?

= y = ce”’ +

2. Complex conjugates m = « £ i (use ’complete
the square’) = y = e** [A cos fx + B sin Sz]

3. Repeated roots m =r = y = c1€" + coxe’™

Inhomogeneous Equations (Method of Undetermined

Eqns)

’ Forcing Term \ Trial Function ‘

ekx Aekx

sin kx,coskx | Acoskx + Bsinkzx
" Z:O Akxk
xe® (Axz + B)e*

Inhomogeneous Equations (Variation of Params)

e In the 1st order equation y' + p(x)y = F(z),
suppose that we have the homogeneous solution
Yn = c1y1 then we try y, = w1y and substitute
y = yp and 3’ = y,, in the original DE and solve
for u. Include the coefficient of integration to get
the general solution.

e In the 2nd order equation y” + p(x)y' + q(z)y =
F(z), suppose that we have the homogeneous
solution y, = ciy1 + coy1 then we try y, =
u1y1 + ugys and we need (1) wjys + ubys = 0,
(2) uiyy + ugys = F(x).

Inhomogeneous Equations (Reduction in Order)

Suppose that you have found a solution y = y; to
the original DE. Then one can guess another solution
Yo = uy; to the DE and take derivatives up to the
original order of the DE. One can then solve for u
when you plug these values back into the DE.

Special Substitutions

1. The form y' = f(ax+by) = replace y(z) with
u(zx) where u = azx + by

2. The form ¢y’ = f(%) ory = f(%) —  use
u = £ where %:x%—i—u

3. The form % +p(z)y = q(x)y™ = multiply the
original by ¥y~ and use v = y! =" =y~ (»~1

where g—; =—(n— 1)y*"%

Boundary Value Problems

e These are problems where we want to know what
values of k a certain homogeneous DE, like " +
ky =0,y(0) = 0,y(1) = 0 has solutions

e To do this, you examine the characteristic equa-
tion as a function of k and check “interesting”
cases for k

e We then calculate the eigenvalues (valid k values)

and eigenfunctions (valid functions implied by
the eigenvalues)

Graphing Solutions
e Solve DE if possible

e Identify any exceptional solutions which be-
have differently from the rest (usually set C' = 0)

e Consider the behaviour of the other solutions as
x — F00 or near vertical asymptotes

e Set Z—g = 0 in the DE to find the horizontal
isocline

e Determine how g—g behaves outside of the hori-
zontal isocline

Models

Malthusian Model: 22 = P

dt
Logistic Model: ‘fl—f =rP (1 — %)



Vector DEs

Homogeneous Vector DEs

These are solved by finding the eigenvalues \; and
(realized) eigenvectors v; of A in 2 — Az = 0. We
then break the process into cases.

o If A\j o real distinct, then

At Aot

xr = civie + covge

o If A\ 2 = a £ b complex conjugate distinct, then
x = e (ercis(b)vy + cacis(b)va)
where vy = 1.
e If )\ identical, then
Tr = clvleAlt + co (vlteht + wleht)

where w; is such that (A — A\ I)v; = wq. In the
3 by 3 case,

Famous PDEs

Heat equation: u; = Yz,
Wave equation: uy = 02ty

Laplace’s equation: tuzgz + tyy = 0

Solving Linear PDEs

First Order PDEs (Method of Characteristics)
In the general form

a(z, y)uz + b(z, y)uy + c(z,y)u = f(z,y)

we want to solve 3—3’ = 2 for the constant of inte-

gration ¢(z,y). We then set £ = 2 and 7 = o(z,y),
otherwise n = y and £ = C(z,y). The new equation,
under the change of basis becomes

[a&y + b&y] te + [an, + bny] Gy + ct = f

under the chain rule u, = ¢&,. This comes from the
Lemma that says:

Lemma. Consider the ODE % = flz,y). If its
general solution can be written in implicit form as
d(x,y) = K then

6o __dy

¢y__d$ &__f(xﬂg)

by

Second Order PDEs (Method of Characteristics
A 2nd-order linear PDE is 2 variables has the form

a(m, y)uwz + b(.]?, y)u:vy + 0(1‘7 y)uyy

Fd(z, y)ue + e(z, y)uy + fz,y)u = g(z,y)

Analogous to the above method, we want to solve

dy b+ Vb2 — 4ac
doe 2a
e If b2 —4ac > 0 (hyperbolic equation) then we
may choose £ = ¢1 and n = ¢o where ¢1 = K3
and ¢o = K> are the general solutions to

@_b—\/b2—4ac @_b+\/b2—4ac

de 2a and de 2a

e If b — 4ac = 0 (parabolic equation) then we
can set £ = ¢(z,y) where ¢ = K is the general
solution to Z—Z = % and this will eliminate dge.

e If b”> —4ac < 0 (elliptic equation) then we can-
not eliminate figg oOr 1yy,.

e Here, we have:

A = a(&) 088, + (&)’
B = 2a&m,+0 [59;771/ + nyga:] + 2c€yny
C = a (771)2 + bneny +c (ny)2

Separation of Variables

We assume that u(x,t) can be expressed as F'(z)G(t).
Then, we plug in the values for uj,[;) for any combi-
nation of [z][t]’s and using equality, we should have
something similar of the form

el (t) F(m) ()
G(t) F(x)
where both sides must equal a constant since this
expression must hold for all z and ¢t. We then get a

system of equations where we can then solve for F
and G using any initial conditions that we may have.

Fourier Transform

We can take the Fourier transform F{u} =
fix;o ue” "“Tdx, as well as use the inverse transform

FHu} = & [T ue™®dw, of any PDE and use the
following properties to make our lives easier:

L F{f ()} = (iw)" f(w)

2. ./—"{Ut} = at

3. F{f(x—a)} = e ™ f(w)

The Fourier transform should reduce the system into
some ODE which we can solve. After solving, we then
convert f back using the inverse transform.



