AMATH 350 Final Exam Review
BTpXer: W. Kong

Black-Scholes PDE

The following are answers to the questions provided by Dr. Harmsworth regarding the Black-Scholes PDE.

(1) The behaviour of S, or rather the change in price, is determined by a deterministic growth or decay and
a random change due to external factors.

Here, S is the stock price, p is the drift or growth rate, ¢ is the time index and ¢ a volatility coefficient which
represents how large are the random changes usually. AW (¢) here also represents a random variable with
mean 0 and variance At.

(2) We have
AF = Fg[uSAt+oSAW ()] + FLAt + %Fss [WSAL + o SAW (1)]” + Fs; [uSAt + o SAW ()] At
= FsuSAt+ FsoSAW (t) + FyAt + %FSS;FS?AtQ + FsspuoSEALAW (t) +
+%F330252 [AW (£)]> + FsiuS(AL)? + Fo,o SAW (t) At + %Ftt(At)Q + ...
From here, we neglect all the terms of order (At)? and AtAW (t) since AW (t) is small. This leaves
AF = uSFsAt + 0 SFsAW (t) + FyAt + %aQSQFSSAW(t) + ...
Finally, since [AW (¢)]> has mean At and small variance, we can approximate if by At to get
AF = oSFsAW (t) + [MSFS + F, + ;U2S2FSS:| At

and hence the stochastic equation is

1
dF = O'SFde(t) + |:/LSFS + Ft + 20252F55:| dt

(3) Construct a portfolio II(t) = F — €S under the assumption of short selling. Then dIl = dF — edS under
the assumption of divisible stocks. Hence, by substitution,

dll = o SFsdW (t) + [MSFS + Fy + ;GQSsts] dt — e(pSdt + o SdW (t))

Set € = Fs to get ‘fl—? =F+ %0’252Fss. Assuming that arbitrage cannot exist, IT must have the same value
as an investment at an interest rate r and so we also must have that dd—lg = rIl. So,

1 1
Il =F, + 50252}755 — r(F-SF,)=F, + 5astFSS

1
= TF:§0252F35+7‘SF3+F25
(4) The ICs and BCs are:

F(S,T)=(S—K)",F(0,t)=0,F - S as S — oo

(5) We make these substitutions so:



e We can normalize the coefficient of S%Fygg.

e We reverse time by letting 7 = T — ¢ which turns our final condition into a true initial condition.
e Replacing F with v = % and S with %, we’ll eliminate K from the problem.

e Replacing £ with e® (S = Ke®) turns our PDE into a constant coefficient equation

This reduces our equation into the form

2r 2r
Uy = VUgy + —2—1 Uy — —5U
o o

where a final substitution will turn this equation into the Heat Equation.
(6) We then have

Uy = e

_(-9p 5)u+uy]

(1-5)2 5 _ 2
+]y (126> w4 (1 —0)ug + Ugs

|

b = e[lz‘;]x[“‘”zw]y'(l; )u+u]
]
|

VUge = €

e[,
Let K =e . The DE can then be written equivalently as

1-6\2 (1—16)2 (1—16)2
( 5 )u—l—(l—é)uz—&—um— 5 u—(l—&)ux—l—( 1 +5)u—uy—\62/:0

KV, +E1(5-1)v, R

K-16v

and in reduced form, this is
Ugy = Uy = Ugg — Uy =0
which is the heat equation with coefficient &« = 1 and what we expected.
(7) Given that
Ut = 'Vuxxau(xv O) = f(z)
We'll use the FT method. Let d(w,t) = F{u(z,t)}. Then u; + 4; and uy, — (iw)?*d = —w?a. Also,

u(x,0) = f(z) = @(w,0) = f(w). The BVP then becomes
iy = —yw’iL, 4w, 0) = f(w)
Solving this IVP gives us
W(w,t) = Hw)e " Hw) = fw) = dw,t) = flw)e "
= u(,t) = F{f(w)e "} = fz)« FH{e

We still have to calculate

2 1 o 2,
J—_'—l{e—'ycu t} e~ W tezwxdw

2r J_
1 o 2,

_ e—('yw t—zwz)dw
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Now let v = /4t (w - 2%) = dv = \/ytdw. We get that

1 z2 o0 2 dU 1 22
]_-71 7’yw2t _ 7ﬁ/ —v — — it
{e b=ge ™ O At aymi
—_————
N

Call this g(z) = F~1{e "1}, So
2

u(z,t) = f(z) xg(x) = 2\/%/00 flz —r)e” Fidr

dr

= W =55

Let y = —57= with y - 00 = 7 — Foo. So

VAL

u(z,y) 2\/% /OO_OO flx+ QyW)e_yz (—2v/tdy)

- %/_Oo Flz + 2yv/A)e Y dy

(8) Note that
PE2VTY) _ alat2VTY) B o = 3+ 2/Ty > 0

and hence the lower limit of the integral may be replaced with —=%= and the integral

PN
L [7 v [ty _ paravm)] ™
’U,(:I?,T):ﬁ e [e —e } dy
—o0

may be split into the two parts

1 b 1 R
w(z, 1) = ﬁeﬂw m 62Bﬁy*y2dy_ ﬁeam/ z e2aﬁy*y2dy
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(9) Completing the square gives us
+8°7 oo
= T ~(y=Bv1)? g
NG ¢ 4

2VT

We then make the substitution
z2=—V2(y - BVT) = —V2y — BV2r) = dz=—V2dy

This gives us

z+B%r p—oo R +287 )
I = 7€ﬂ i 67% ( dz ) — eﬁ1+,327' 1 / var ef%dz _ eﬁm+ﬁ27—¢) (x + 257’)
Vr e V2 Var o Var

(10) The following are assumptions we made in deriving the Black-Scholes PDE:

x

e Continuous Trading (construction of the portfolio)

e Divisible Assets (behaviour of the stock)

e No Transaction Costs (construction of the portfolio)

e Short-Selling Permitted (construction of the portfolio)

e No Dividend (behaviour of the return of the stock)

e S(t) is stochastic (behaviour of the return of the stock)

e Can always invest at constant interest rate r (removal of stochastic term)

e No Arbitrage (



